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A String-theory Calculation of Hawking Radiation
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ABSTRACT
A study of black hole thermodynamics show that black holes are radiating. String theory, the promising
theory of quantum gravity, should give us how the black holes radiate. We study D1-D5-brane model which closed
strings are caused by scattering of open strings living on brane. The decay rate of D1-D5-brane is found to agree with

classical Hawking radiation of corresponding 5-dimensional black hole in leading order of low energy approximation.
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1. Introduction

Black holes in the classical theory cannot
emit particles. The quantum mechanical -effects,
however, cause black holes to radiate particles as a

thermal black body radiation with temperature

K
= 2— This is identical with black hole mechanics
T

discovered by James Bardeen, Brandon Carter and
Stephen Hawking (Hawking, 1975; Bardeen, Carter
and Hawking, 1973).

Recent studies of black hole thermodynamics
have been done by using D-branes as a model
building. There are some configurations which is BPS
saturated brane agree with extremal black hole (Das
and Mathur, 1996). This implies that there must exist
string states correspond with Hawking-Beckenstein
entropy. In the other words, there are some black
branes with thermodynamical properties agree with
black hole mechanics.

In this paper, we review some calculations
and configurations to show the coinciding between D-

brane decay and classical black hole radiation.

2. Black Hole Classical Absorption Rate of Low
Energy Scalars

In this section, we compute the black hole
absorption probability of low energy scalars by using
quantum field theory in curved spacetime. The basic
idea of semiclassical principle is to treat the matter
fields quantum mechanically and the gravity as a
background. For our analysis, we will focus on
massless scalar field ¢ that satisfy the wave equation,

Wp=g™V,V,$=0, (1)
where gab is the metric inverse from line element

ds® = gabande and we work in units with

G =c=h =1 as same as the most papers. As a
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scalar field could be a quantum operator, it must obey
the canonical equal time commutation relations,
[#(X,1), (X ,1)] = S(X—X) . This leads us to
write a field in a form of mode expansion,

$= [dola,f,+al f]) @
A set {fw ) f;} is a complete orthonormal set of
basis functions. The standard choice of basis functions
for scalar field is

.I: — Le—i((ut—k-x)’ (3)

where @ = ++/K-K . The canonical commutation
relations for the scalar field imply commutation
t
a,,

relations for mode operators @,

[aw,a;.]= S(w-w), [a,.a.]= O=[a;,a;.].

€))

Usually, the vacuum state is defined as the state with

the lowest possible energy state. On the other hand, it

is a state in the absence of particles which is

annihilated by all the annihilation operators @, ,

a,|0) =0 6

for all @ > 0. The Fock space of state is constructed

by applying creation operators to a vacuum state, for

instant, the state (&L)n|0>a contains N particles

with energy @ . By defining a number operator

— At
N o —a,a, for each mode, ) that
n tyn —

.(0/(@,)"N,(a})"|0), =n

One can define a second expansion on another

complete set of basis {p Oy p*. },
$=[dwb.p. +b"p" ) ©)

where mode coefficients D . , bT. also satisfy
w [0)

commutation relations. The annihilation operators b.
[0)

define another vacuum state, b .|0>b =0, for all
[0

@ > 0 .The number operator for mode in b -states is
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N .= bT.b . . The creation operators b . also span
[ [0 [

another Fock space by applying to | 0>b .

The scalar field could be expanded with
difference sets of basis function. However, one may find

that the basis functions f » and P . are related to each
«

other through the linear transformation, so-called

Bogoliubov transformation,
p.=[do(a, f,+B. 1)

In order to satisfy the orthonormality of the basis

.,ﬂ . have to

[ola] [ola}

functions, Bogoliubov coefficients &

follow the equation
do (e r Ip.. ‘2) =So-0). ®

Those above lead us to the relation between mode

coefticients,
b.= Ida)(a*. a,—f. a). ©)
[0 w o w o

So we can now evaluate the expression for N . in the
[2]

a -vacuum state,

0N ;[0), =, (0lbb,;[0), = [de

2
ﬂw' 2]

(10)

For the simplicity of further calculation, we consider 1+1
dimensional Schwarzschild metric which is spherically
symmetric and stationary black hole solution to Einstein

equation.
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ds? =V (r)dt? —V (r)*dr?, V(r) El_ﬁ,

(1

The horizon in this coordinates is at I = 2M . One
might find it is convenient to introduce the tortoise
coordinates which bring the metric to a conformally flat

form,

ds? = (1—&j[dt2 —dr?]
r
dr' =V (r)*dr
r'=r—2M +2M In(L—l} (12)
2M

The coordinates (t, I’*) are defined only for
r>2M and asymptotically flat when [+ — o0 .
In the lightcone coordinates U=1t— r’ and

v=t+ I"* , the metric becomes

ds® = (1—2—deudv. (13)
r

In contrast to the Schwarzschild metric
which has a coordinate singularity at F = 2M | an
observer freely falling into the black hole would see a
finite curved space while crossing the horizon. We
need a suitable coordinate system which is Kruskal

coordinates,
u=-4M exp 4 , V.=4M exp v .
AM AM
(14)
The metric (13) becomes
ds® = mexp(l—ﬁJdUdv. (15)
r r
with r=2M , the metric (15) becomes
CIS2 = dudV which is same as Minkowski metric.

Hence the freely falling observer crosses the horizon

line without seeing singularity.
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In the calculation, we use the fact that
particle definitions are different among observers. We
define a vacuum for observers in free-falling, |0>K
and a vacuum for observers at constant I', |O>T . By

comparing the complete basis functions with different
coordinates {U,V} and {U,V} , the number of

particle created by black hole is
= [dw ‘,B ‘ w00

(16)
The number density N, which (Na)> = nwé(O) is

(0N, |0),

in the form of Bose-Einstein distribution

, we found that the black hole has a

thermal blackbody radiation with the temperature

= ———. For other black holes the temperature is

K
T= 2— where K is surface gravity of the black
T

hole. The temperature is known as Hawking

temperature.

3. S-dimensional Reissner-Nordstrom Black Hole
from Supergravity Solution

For classical radiation of black hole with
geometry corresponding to the charges carried by D-
branes, we use 5-dimensional extremal black hole

metric from SUGRA solution,
1
+ f3(r)r’dQ?
(17)
where ()= (1+%)(1+Q—;)(1+Q—;).
r r r

_2 1
ds? = —f 3(r)dt>+ f 3(r)dr?

(18)
Consider a spherically symmetric massless

minimally coupled scalar wave function with higher
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angular momentum component (which is not absorbed
inlow @ limit),
#(r,t) = R(r)e™". (19)

The wave equation is now reduced to

2

d
_— fr__
ar +o*f(r)

where y/(r) = FSIZR(I’).

w(r)=0 (0

The n-dimensional wave function with
N> 2 can be decomposed into spherical harmonic
wave function. In this case, we consider spherically

symmetric mode, so the wave equation becomes

WPg(r) = (W2 +W"2)g(r) @1

= d—2+w2f(r)+v‘”-2>(r)j¢(r) (22)
dr

which V (I) is considered as a barrier-like potential
from spacetime geometry. Therefore a particle
escaping the black hole needs to tunnel through the
potential. This decreases the intensity of the wave by
gray body factor, ng (E) <1.

_ total out going flux at infinity

"~ total flux created at horizon

In order to find a gray body factor, we use

@

matching condition method to find a transmission rate
and use low energy limit, Qa)2 <<l , for
approximation.

In the calculation, we match boundaries of the
solutions across three regions (Das and Mathur, 1996).

i.) Outer region I >> Qil/2

f zl-i—?—z where Q :Ql-I-QZ +Q3

In this region we got

.. . . . 1/2
ii.) Intermediate region I : Qi/

iii.) Near horizon region I' << Ql/2

By matching these conditions, one must find
an absorption probability (equivalent to transmission

probability),

1 1
|A*= E”U‘)S\/QleQs = EwSAH 24
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Similar to the previous section, number
density of particle emitted by 5-dimensional black hole
is in the form of Bose-Einstein distribution but with a
gray body factor. Therefore a total energy emission

rate in energy range (a), w+ da)) should be,

[dE(a))} _do oarl,
e = (25)
dt e

2 " 1
In low energy case, gray body factor is approximately
to the absorption probability, Fm :l A |2 (a)) . This

makes our result become

4
{dE(a))} _ AHz o'dew .
dt s 87° M7 -1

4 . String Amplitude

In this section we calculate an emission rate
of low energy quanta from a slightly nonextremal state
with configuration that 5-brane wound on T > and D-
string wound on one of the 5-brane direction. We
interested in the case that two D-strings annihilate into
a graviton. Due to the compactification on T > , wWe can
decompose graviton into scalar, vector and graviton in
5-dimensional non-compact spacetime. However, D-
string only has a vibration on 5-brane directions.
Therefore, the only particle emitted is 5-dimensional
scalar.

The 4-point correlation function of D-brane
oscillation is given by (Hashimoto and Klebanov,

1996)

A (ST HPT SN SN WP

dx,dx,dx,dx,
VCKG
< C:1 ‘Vo (2k17 Xl)gz 'Vo (Zkz J Xz)
4/3 'V—l (2k3' X3)§4 'V71(2k47 X4) >
(27
where -1 and 0 super ghost picture vertex operator are

V4(z,2k) = ey e (2) (@8
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V4 (2,2K) = (0X “ +i2k -y )™ (2).
(29)
Note that we work in unit 0{. = 2 for type I and type
II string. To calculate the amplitude, we use
contraction from Green function
< X#(z2) X" (w) >=-p*"In(z—-w) (30)

, n""
<y (Qy"(w) >= -——

<p(D)pw)>=-In(z-w) G2

The amplitude of 4-point correlation function of type I

€2))

theory is
1H(A'kl ) kz)r(4k1 ) k4)
T T(1+4K, -k, +4k -k,) (3
K(G1 ki 6o ka1 C Kar G ko)

where K is kinematic function
K= 4k2 'kskz 'k4§1'§2§3 "y
+4k1'k2(§1'k4§3‘k2§2 ¢4
+§2'k3§4'k1§1'§3
+§1'k3§4'k2§2 'gs G4
+§2'k4§3'k1§1'§4)
+{(1234) — (1324)}
+{(1234) — (1432)}

For four world volume photon, we let é’ | be in the

world volume directions. The kinematic function is the
same as above. For our calculation, we need scalar
scattering, so é/ | must be in the transverse directions,
; | km = 0. This makes the polarization dependent
kinematic function become
K =4k, -ksk; K, gy 020504
+4k, KiKs K S 8385 ¢y (35)
+4k4 ’kakz 'k4§1'§4§2 '§3'
For a case that two open strings scatter into
one closed string, graviton, we restrict the momenta
P,q in NS sector for open string state and
momentum K for closed string state. Only momenta

parallel to brane are conserved, P+ (+ kp =0.

From the conservation of longitudinal momenta, the
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only one kinematic invariant variable is
t=2p-k=29-k=-2p-Q. The leading order

of amplitude is 2 operators on the boundary and 1

operator on bulk,

2
A= [BEED v GV, (2,Ve(2007,) >
CKG
(36)
where
Vi(z)) = éj;volu(zl’ p) (37)
V,(z,) = &V, (2,,9) (38)

Vi(23,2) = £,V 5 (25, KV (2, K). - 69)
Note that \74 is an antiholomorphic operator of Vj .
We can represent antiholomorphic fields in
term of holomorphic fields.
X “(7) = D*X " (2),
y*(7) > Dy " (2), (40)
¢(2) > ¢(2)
D‘fl is a diagonal matrix which first P +1 entries
(longitudinal directions) are equal to 1 and the left

9- P entries (transverse directions) are equal to -1.

Therefore the 3-point function amplitude is

A:Idzldzzdzsdzs 2% D)
VCKG
<Vi(2,,2p)V, (2,,20) (41)

VI(z5,k)V(z,,D-k)>.
We can also write this amplitude as the same with the
4-point correlation function we calculated before by
changing some variables,
2p—2k;, 29— 2k,
k—>2k, D-q—2k, (42)
G266 &—¢, D>
For low energy and transverse polarization,
we interest decay rate at only specific polarization,
Eg7 = 1, and outgoing graviton has no momentum in
1

string direction, kFl, =0,o0r p1 =—q.

p_quOqO_plq1=2|pl|2 (43)
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For low graviton energy, [ <<1 | the
amplitude is
CEr
'(1+s+t)
Noress g
where S,1,U are Mandelstam variables.
s=4k, -k, =4k;-k, =4p-q (45)
t =4k, -k, =4k, -k, =2p-k (46)
u =4k, -k, =4k, -k, =2q-k (47)

This amplitude coincides with the amplitude obtained

8ij§1i§2j

from graviton coupled term,
j d""'x0¢'04 G, (48)

, in the DBI action (Das and Mathur, 1996)

SBI = TJ-d 2§e—¢(x) \/dEt[Gmn (X) + an (X) + an (X)

(49)
G, = fov’(x)émX”anXV (50)
B, = Bw(x)amX”anX” (51)

We can read out an amplitude of the lowest
order interaction between metric fluctuation which 2

open strings scatter into 1 purely transverse graviton,

1 . 1 . .

=G0, X'0°X 1 = =(5, +2xh.)d, X '9“X ]
2 ii“a 2 ij ij/%a

(52)

One must find an amplitude from the interaction term

with specific polarization h67

V2ih X X" ihg =+2hy,  (53)

In the calculation, we use the configuration

that 5D-brane wrap around T® in

o _x"—x- Xg) directions and D-string

(x® —x
wrap around X5 (which has radius R) Ql times
with radius of T 4 much smaller than R . Polarization

of open strings are in others of 5-brane directions or

(6—7-8-9) plane.
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The brane decay rate is given by
_ ks (27)°
I'(p,q,k) = Té(po +0p —ko)

| A I V,[d°]
PodoKeV, (2”)4

(54)

§(p1+q1_k1)

2
K . .
= . V4 is the volume of spatial

27RV,

noncompact directions and V4 is the volume of

2
where Ky =

compact directions.
In order to find a total brane decay rate at a
given spectrum, we integrate over momenta of open

strings with bosonic string distribution for brane

thermodynamics.
< Ldp, r= Ld
re) = [ =P =T r(p,q,k)0(q0, 6)2(Po. )
© 2r v 2r;
(5%)
For low energy limit, the decay rate is
1
F(k) ~ -4 [d*K]—— 56)
167* efHfo _q
Finally, we obtain total energy emission,
dE(K) _ A, kidk,
= 2 Bk (57)
dt 87 e”H0 1
1 : :
where ,B H=—> TH is the effective temperature of
H

the system which depends on surface gravity. It is the

same as the temperature from semiclassical method.

5. Conclusions

In low energy emission, black holes have a
thermal radiation of a scalar particle. Photon, fermion
and graviton are vanished in the lowest order of
calculation. The result shows that energy emission rate
calculated from D1DS5 system is coincided with the
result from classical result. This makes D-brane

system a key to study black hole in string theory.
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