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ABSTRACT

In this paper, we introduced the notions of a prime right ordered k —ideal, a semiprime right ordered k -
ideal, an irreducible right ordered k—ideal and a strongly irreducible right ordered k—ideal of an ordered semiring.
Moreover, we characterize a right ordered k —weakly regular semiring using prime right ordered k —ideals, semiprime
right ordered k —ideals, irreducible right ordered k —ideals and strongly irreducible right ordered k —ideals of an

ordered semiring.
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Introduction

As a generalization of rings, semirings were
introduced by Vandiver (Vandiver, 1939). Gan, Jiang
(2011) investigated an ordered semiring with 0 and
introduced several notions, for example, ordered
ideals, minimal ordered ideals and maximal ordered
ideals of an ordered semiring. Han et al. (2012)
investigated semiring orders in a semiring. Henriksen
(1958) defined more restricted class of ideals in a
semiring known as k—ideals. Also several
characterizations of k—ideals of a semiring were
discussed by Sen and Adhikari (Sen, Adhikari, 1992;
Sen, Adhikari, 1993). Patchakhieo, Pibaljommee (in
press) introduced a notion of k —(m,n)- regular ordered
I' —semirings and gave a connection between them and
their ordered (m,n)-ideals. An ordered k—ideal in an
ordered semiring was defined by Patchakhieo and
Pibaljommee (Patchakhieo, Pibaljommee, in press)
and they characterized ordered k-regular semirings
using their ordered k—ideals and moreover,
characterizations of left (right) ordered k-regular
semirings and left (right) ordered k—weakly regular
semirings were investigated. Characterizations of
prime ideals in semirings were studied by Iseki (Iseki,
1956; Iseki, 1958). Prime and semiprime ideals in
[' —semirings were investigated by Dutta and Sardar
(Dutta, Sardar, 2000). Several characterizations of a
right weakly regular I' —semiring were furnished by
using prime right ideals, semiprime right ideals,
irreducible right ideals and strongly irreducible right

ideals in a I' —semiring by Jagatap and Pawar (Jagatap,

Pawar, 2013).
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Objectives of the study

The aims of this work are to defined the
notion of a prime right ordered k—ideal, a semiprime
right ordered k—ideal, an irreducible right ordered k—
ideal and a strongly irreducible right ordered k—ideal
of an ordered semiring and characterize a right ordered
k—weakly regular semiring using prime right ordered
k—ideals, semiprime right ordered k—ideals, irreducible
right ordered k—ideals and strongly irreducible right

ordered k—ideals of an ordered semiring.

Methodology

Literature review

We recall definitions of the semiring, ordered
semiring and ideals of a semiring. A semiring is a tri-truple
(S,+, -) consisting of a nonempty set S, addition
operation + and multiplication operation -on S satisfying
the following conditions.
1. (S, +) is a commutative semigroup.
2. (S, -)is asemigroup.
3. Both operations are connected by the distributive law,
namely,a-(b+c)=a-b+a-cand(a+b) -c=
a-c+b-cforall a,b,c€S.
In particular, a semiring (S, +, -) is called commutative if
(S, -)is a commutative semigroup. An element 0 € Sis
called azero elementifa+0=0+a=aand a-0 =
0-a = 0. A nonempty subset A of a semiring (S,+, -)
is called a left ideal (right ideal) if the following conditions
are satisfied:
l.x+yeAforalx,y €4
2.SA C A(AS C A).
If A is both a left ideal and a right ideal we call A an ideal.
Definition 2.1 Let (S, <) be a partially ordered set. Then
(S,+, -, <) iscalled an ordered semiring if the following

conditions are satisfied:
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1. (S, +, -)is a semiring;
2.ifa <bthena+x < b+ xand
x+a <x+b, foralla,b,x €S;
3.ifa <bthena-x <b-xandx-a <x-b,
foralla,b,x €S.

A nonempty subset A of an ordered semiring (S, +, -, <)
is a subordered semiring of (S, +, -, <) if (4,+, -, <)
is an ordered semiring.
Let (S,+, -, <)be an ordered semiring. For nonempty
subset A and B of S, we denote

(Al={x € S|x < aforsomea € A},

AB={xy € S|x € A, y €B},

YA = {Yica; € Sla; € Aand [ is a finite

subset of N},
YAB = {3 a; b;la; € A, b; € B and [ is a finite
subset of N} and

Na = Z{a}.
Instead of writing an ordered semiring (S, +, -, <), we
simply denote S as an ordered semiring. Gan, Jiang (2011)
defined an ordered ideal and ordered k—ideal of an
ordered semiring as follows.
Definition 2.2 Let S be an ordered semiring and
@ # A C S. Then A is called a left ordered ideal (right
ordered ideal) if the following conditions are satisfied:
1. Ais a left ideal (right ideal) of S;
2.iffx < aforsomea € Athen x € A.
We call A an ordered ideal if it is both a left ordered ideal
and a right ordered ideal of S.
Definition 2.3 Let S be an ordered semiring and
@ # A € S.Then A is called a left ordered k—ideal (right
ordered k—ideal) if the following conditions are satisfied:
1. A is a left ordered ideal (right ordered ideal) of S;
2.ifx +a =Dbforsomea,b € A thenx € A.
We call A an ordered k—ideal if it is both a left ordered

ideal and a right ordered ideal of S.
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Now, we present the notion of the k—closure operator on

an ordered semiring defined by Patchakhieo and

Pibaljommee (Patchakhieo, Pibaljommee, in press) and its

basic properties as follows. The k— closure of a nonempty

subset A of an ordered semiring S is defined by
A={x€S|3a,b € A,x+a <b)}.

Lemma 2.4 Let S be an ordered semiring and 4, B be

nonempty subsets of S. Then the following conditions

hold.

1. (4] € (4].

2.IfAC BthenA < B.

3.(A]B € (AB]and (B] € (AB].

Lemma 2.5 Let A be a nonempty subset of an ordered
semiring S. If A is closed under addition then (4] and (4]
are also closed.

Lemma 2.6 Let S be an ordered semiring and 4, B be
nonempty subsets of S withA + A € Aand B + B € B.
Then

LAc (4]lc A< (4];

5.AB c (A] (B] <€ (X AB].
Theorem 2.7 Let S be an ordered semiring and A be a
nonempty subset of S. If A is a left ordered ideal (resp.,
right ordered ideal, ordered ideal) then (A] is the smallest
left ordered (resp., right ordered, ordered) k—ideal
containing A.

From the above theorem, we note that 4 is an
ordered k—ideal if and only if A = (A].
Theorem 2.8 Let S be an ordered semiring. If the
intersection of the family of left ordered k—ideals (resp.,
right ordered k—ideals, ordered k—ideals) is not empty then
itis a left ordered k—ideal (resp., right ordered k—ideal,

ordered k—ideal).
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Theorem 2.9 Let S be an ordered semiring and 4, B

be nonempty subsets of S. If A, B are two left ordered
k—ideals (resp., right ordered k—ideals, ordered k—ideals)
then (4 + B] is the smallest left ordered k—ideal (resp.,
right ordered k—ideal, ordered k—ideal) containing A U B.
Let I;. (S) be the set of all ordered k—ideals of S. The

operations A and V on I, (S) are defined by

INJ=InJandIV] =T +]J]
forl, | € I,(S).

Theorem 2.10 Let S be an ordered semiring with 0.
Then (I, (S), A, V)isacomplete lattice.

The smallest left ordered k—ideal (resp., right
ordered k—ideal, ordered k—ideal) containing A denoted by
L, (A), Ry (A) and M, (A) respectively. In particular, we
denote L, (a) = Ly({a}), Rx(a) = R ({a}) and
My (a) = M ({a}), forany a € S.

Corollary 2.11 Let S be an ordered semiring and a €
S. Then
1. Ly(a) = (Na + Sa];

2. Ri(a) = (Na + aSJ;

3. My (a) = (Na + Sa + aS + Y SaS].

Patchakhieo, Pibaljommee (in press) introduced the
concept of an ordered k—weakly regular semiring and
characterized it using ordered k—ideals.

Definition 2.12 Let S be an ordered semiring and

a € S. Then a is called left ordered k—weakly regular
if a € (X(Sa)?] and a is called right ordered
k—weakly regular if a € (X (aS)?]. An ordered
semiring S is called left (right) ordered k—weakly
regular if every element in S is left (right) ordered
k—weakly regular.

Theorem 2.13 Let S be an ordered semiring. Then the
following statements are equivalent.

1. S is right ordered k—weakly regular.

2. (X A?] = A, for every right ordered k—ideal

A of S.
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3. Al = An [, for every right ordered k—ideal
A of Sand ordered k—ideal I of S.

Jagatap, Pawar (2013) defined a prime right ideal, a
semiprime right ideal, an irreducible right ideal and a
strongly irreducible right ideal of a I' —semiring and
characterized right weakly regular semirings using
prime right ideals, semiprime right ideals, irreducible
right ideals and strongly irreducible right ideals as
follows.
Definition 2.14 Let S and I’ be two additive
commutative semigroups. S is called a I'semiring if
there exists a mapping S X I' X § — S denoted by aab
foralla,b € Sand a € T satisfying the following
conditions:
1. aa(b + ¢) = (aab) + (aac),
2. (b + c)aa = (baa) + (caa),
3. ala + B)c = (aac) + (aBo),
4. aa(bBc) = (aab)Bc, forall a,b,c € Sand

forall a,B €T.
Definition 2.15 A right ideal P of a I' —semiring S is
called a prime right ideal if ATB € P implies A € P or
B c P, for any right ideal A and B of S.
Definition 2.16 A right ideal P of S is called a
semiprime right ideal if ATA € P implies A € P, for
any right ideal A of S.
Definition 2.17 A right ideal P of S is called an
irreducible right ideal if AN B = P implies A = P or
B = P, for any right ideals A and B of S.
Definition 2.18 A right ideal P of S is called a strongly
irreducible right ideal if AN B € P implies A € P or
B C P, for any right ideals A and B of S.
Definition 2.19 A T'-semiring S is said to be right
weakly regular if a € (al'S)? forany a € S.
Theorem 2.20 A I'-semiring S is right weakly regular

if and only if every right ideal of S is semiprime.
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Theorem 2.21 If a I'-semiring S is right weakly
regular, then an ideal P of S is prime if and only if P is
irreducible.

Possible extensions of the literature review

We extend the concept of a prime right ideal
and a semiprime right ideal of a I'-semiring defined in
Jagatap, Pawar (2013) to define a prime right ordered
k—ideal, semiprime right ordered k—ideal, irreducible
right ordered k—ideal and strongly irreducible right
ordered k—ideal of an ordered semiring.
Definition 3.1 A right ordered k—ideal (resp., left
ordered k—ideal, ordered k—ideal) P of an ordered
semiring S is called a prime right ordered k—ideal
(resp., left ordered k—ideal, ordered k—ideal) if
(X AB] € P implies A € P or B € P, for any right
ordered k—ideal (resp., left ordered k—ideal ordered
k—ideal) A and B of S.
Definition 3.2 A right ordered k—ideal (resp., left
ordered k—ideal , ordered k—ideal) P of an ordered
semiring S is called a semiprime right ordered k—ideal
(resp., left ordered k—ideal, ordered k—ideal) if
(X A?] € P implies A € P, for any right ordered
k—ideal (resp., left ordered k—ideal, ordered k—ideal)
Aof S.
Example 3.3 Let B = {1, 2}. Then P(B) = {@, {1},
{2},{1,2}}. We know that (P(B), <) is a partially
ordered set. It is easy to verify that (P(B), U, n, <€) is
an ordered semiring and @, {0}, {0, {13}, {0, {23},
P(B) are all right ordered k—ideals of P(B). It is easy
to check that {(b, {1}} and {(b, {2}} are prime and
semiprime right ordered k—ideals of P(B).

Obviously, every prime right ordered k—ideal

of S is a semiprime right ordered k—ideal.
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Definition 3.4 A right ordered k—ideal (resp., left
ordered k—ideal, ordered k—ideal) P of an ordered
semiring S is called an irreducible right ordered
k—ideal (resp., left ordered k—ideal, ordered k—ideal)
if ANB =P implies A = P or B = P, for any right
ordered k—ideal (resp., left ordered k—ideal, ordered
k—ideal) A and B of S.
Definition 3.5 A right ordered k—ideal (resp., left
ordered k—ideal, ordered k—ideal) P of an ordered
semiring S is called a strongly irreducible right
ordered k —ideal (resp., left ordered k—ideal, ordered
k—ideal) if AnB S P implies A € P or B € P, for
any right ordered k—ideal (left ordered k—ideal,
ordered k—ideal) A and B of S.
Example 3.6 Let L = [0, 1]. We define the operation
@and © on Lby a @ b = max{a, b} and a®b =
min{a, b} for every a,b € L. It is easy to verify that
(L, ®, ®) equipped with the usual ordering <is an
ordered semiring. Let [ = [0, %] Now, I is an
irreducible (strongly irreducible) right ordered k—ideal
of (L, ® O, ).

Doing research to investigate main results

We characterize a right ordered k—weakly
regular semirings by prime right ordered k—ideals,
semiprime right ordered k—ideals, irreducible rights
ordered k—ideals and strongly irreducible right ordered
k—ideals of an ordered semiring. The results have

shown as follows.
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Results

Prime right ordered k—ideals

Lemma 3.7 Let S be an ordered semiring

and A be a nonempty subset of S with A + A € A. Then

((A]] < (]
Proof. Let A be a nonempty subset of S with

A+ A c A.Since ((A]] = (4], ((A]] = (A]. By Lemma

2.4(1), we have ((A]] € ((4]]. By Lemma 2.6(2), we

have ((A]] € (CA]] = ((A]] = (4]. Thus ((A]] < (4]
Theorem 3.8 A right ordered k—ideal P of a commutative

ordered semiring S is a prime right ordered k—ideal of S

ifand only if (Nab + NaSb + NabS + aSbS] € P
implies a € Porb € P,foranya,b € S.

Proof. Let P be a prime right k—ideal of S and

(Nab + NaSb + NabS + aSbS] € P. By Lemma

2.4 (3) and Lemma 3.7, we have

(Na + aS] (Nb + bS]
c ((Na + aS)(Nb + bS]]
C (((Na + aS)(Nb + bS]]
c ((Na + aS)(Nb + bS)]

= (Nab + NaSb + NabS + aSbS]
cP.

Now, we have (3,(Na + aS] (Nb + bS]] € P. Since P

is a prime right k—ideal, it turns out (Na + aS] € P or
(Nb + bS] € P. By Corollary 2.11, we geta € P or

b € P.Conversely, let A and B be any two right

ordered k—ideals of S such that (AB] S P.Leta € 4,

b € B. Then
(Nab + NaSb + NaSb + aSbS]

= (a(Nb + NSb + NbS + SbS]

= (a(Nb + NbS + NbS + bSS)]
C (4B]

c CAB]cP.

By assumption, we have a € P orb € P. Thus, A € P or

B C P. This implies P a prime right k-ideal of S.
Corollary 3.9 A right ordered k—ideal P of a
commutative ordered semiring S is a semiprime right

ordered k—ideal of S if and only if
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(Na? + NaSa + Na?S$ + (aS)?] € P implies a € P,
for anya € S.

Theorem 3.10 If P is a prime right ordered

k—ideal of S, then (P : a) := {x € S|lax € P}is

also a prime right ordered k—ideal of S for any
a € S\P.

Proof. Let P be a prime right ordered k—ideal of S and
a € S\P.Letx,y € (P:a). Then ax,ay € P and so,
a(x+y) = ax+ ay € P. This implies x + y €
(P:a). Letx € (P:a)ands € S. Then

a(xs) = (ax) s € P. This implies xs € P.

Letx € ((P : @)]. Then there exist p,p’ € ((P : a)]
such thatx +p <p’.Since p,p’ € ((P: a)],

p <k, p' < k' forsomek, k' € (P : a). This means
ak € Pand ak' € P.Since ap < ak and ap’ < ak/,

ap,ap’ € (P]. Since ax + ap < ap’, we have ax €

(P]=P.Thusx € (P:a)andso, ((P:a)] <
(P : a). This shows that (P : a) is a right ordered k—
ideal of S.

Next, we show that (P : a) is a prime right

ordered k—ideal of S. Let A, B be any two right ordered

k—ideals of S such that (3 AB] < (P : a). Then ), AB ©

(O AB] € (P :a). Thus,a) AB =) aAB € P and

(X aAB] c P. Since aAaB € aAB < ), aAB, we obtain

Y.(adaB]<c Y.(>adaB] € Y.(3aAB] € P.

By Lemma 2.6(5), we obtain (3(ad] (aB]] €

(XX adaB]] € P.Then (aA] € P or (aB] € P, since

(ad] and (aB] are right ordered k—ideals of S. Since
aA=a(A] € (@aA] € PoraB =a(B] < (aB] € P,
A c(P:a)orB < (P:a). Therefore, (P :a)isa
prime right ordered k—ideal of S.

Theorem 3.11 Let S be an ordered semiring with
identity and P is a prime right ordered k—ideal of S.
ThenI = {x € S|Sx € P} is the largest ordered

k—ideal of S contained in P.
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Proof. Clearly, I is closed under addition. Let
s €Sandx € I. Wehave Sx € Pand sox =1x €
P,ie.,1 S P.Since S(sx) € Sx S Pand S(xs) S
Ps € P,sx €land xs € I, respectively. Leta € S.
Assume that a + x = y for some x,y € I. We have
sa+sx =syforalls € S.Sincesx, sy €P, sa €
P,ie,a €l.Leta € Sandx € I witha < x. We
have sa < sx € P foralls € S.Thensa € P for
alls € S,i.e.,a € I. These show that ] is an
ordered k—ideal of S contained in P. Suppose that A is
an ordered k—ideal of S contained in P. Leta € A.
We have Sa € A € P,i.e.,a € I.Now, I is the largest
ordered k—ideal of S contained in P.
Right ordered k—weakly regular semirings
Proposition 4.1 An ordered semiring S is a
right ordered k—weakly regular if and only if every
right ordered k—ideal of S is semiprime.
Proof. Let S is a right ordered k—weakly regular.
Let B be aright ordered k—ideal of S. Suppose

that (£A?] € B, for any right ordered k—ideal A of S.

By Theorem 2.13, we have A = (ZA?],i.e, A € B. Hence,
B is a semiprime. Conversely, suppose that every right
ordered k—ideal of S is semiprime. Let B be a right

ordered k—ideal of S. Since £B? is closed under addition,

by Lemma 2.5, (£B?] is also closed. Let x € (£B?] and
s € S.Then x + a < b forsome a, b € (ZB?] and xs +
as < bs. Since a € (ZB?],a < Zb;b; for some b;, b; €

Band as < (Eb;b;) s = Ib;(bjs) € ZB2. Thus as €

(2B?]. Similarly, bs € (2B2]. Then xs € (£B2]. By

Lemma 3.7, ((£B?]] € (£B?]. Now, we have (ZB?]
a right ordered k—ideal of S.By assumption (£B?]isa

semiprime right ordered —ideal of S. Then (£B?] <

(£B?] implies B S (£B?]. Therefore, (£B?] = B.By

Theorem 2.13, S is right ordered k—weakly regular.
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Lemma 4.2 If S isright ordered k—weakly regular, then
I, (S) is a distributive complete lattice.

Proof. Let S be a right ordered &—weakly regular and
1,],K € I,(S). By Theorem 2.10, (I.(S), A, V)is a
complete lattice. Now, we show distributivity. Consider

(nD+K=T0+KInJ+K]andIn(J + K] =

{n)D)+UNnK)].Since(INn))+ K <I+Kand

Un))+K<]J+K, (Un])+K]< {+K] and

(NN +KIST+K].Thus (Un)H +K] <

(I + K] n (J + K]. Since S is right ordered k—weakly

regular, we have

(I+KIn(J+K]=CEU+K] J+K]]
€ G+ K)(J +K]]]
CCU+KJ+K]
E(@n)) + K11
EUNn))+K]]
(@ np+K]j
(An))+K].
This showsthat (I NJ)+K]= I +K]n({ +K].

N N N In

Next,weshow I N (J+ K] =({UNJ+INK].Since I N

JEJandINK S K, INnJ+INK]S (J+K]. Since

InjclandInK I, INnJ+INK] < I Thus,

(InJ+INnK] < In(J+K].Since S is right ordered
k—weakly regularand (I N J + I N K] is a smallest

ordered k—ideal containing / NJ and I N K.

Wehave IN(J+ K] = CIJ+K]] € CUJ +IK]] <

EUNnJ+1InK]] € UNnJ+1nK] This shows that

IN(J+K]=(UnNnJ+InK]. Hence, I,(S)isa
distributive complete lattice.

Proposition 4.3 If S is right ordered k—weakly regular,
then an ordered k—ideal P of S is a prime ordered k—ideal
if and only if P is an irreducible ordered k—ideal of S.
Proof. Assume that S is right ordered k—weakly
regular and P is a prime ordered k—ideal of S. Let 4, B
be any two ordered k—ideals of S such that AN B = P.

By Theorem 2.13, we have (ZAB] = An B = P. Thus

ACSPorBcSP.SinceANB=P, A=P orB=P.
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Thus, P is an irreducible ordered k—ideal of S.
Conversely, let P be an irreducible ordered k—ideal
of S and 4, B be any two ordered k—ideals of S such
that (ZTB] C P. Then by Theorem 2.13, we have A N
BC P.Then(ANB + P] = P.By Lemma 4.2,

(A+ P]n (B + P]=P.Since P is an irreducible

ordered k—ideal, (A + P] =P or (B + P] = P. Thus,
A € P or B € P. Therefore, P is a prime ordered
k—ideal of S.

Now, we define a fully prime right ordered
semiring and a fully semiprime right ordered semiring.
Definition 4.4 An ordered semiring S is said to be a
fully prime (semiprime) right ordered semiring if all
right ordered k—ideals of S are prime (semiprime)
right ordered k—ideals of S.

Example 4.5 An ordered semiring (L, @, ®, <) in
Example 3.6 is a fully prime (semiprime) right ordered
semiring.

The relation between a fully prime right
ordered semiring and a right ordered k—weakly regular
semiring is furnished in the following propositions.
Proposition 4.6 If S is a fully prime ordered semiring,
then S is a right ordered k—weakly regular and the set
of all ordered k—ideals of S is totally ordered.

Proof. Let S be a fully prime right ordered semiring.
Then every right ordered k—ideal of S is a prime right
ordered k—ideal. But every prime right ordered k—ideal
is a semiprime right ordered k—ideal. By Proposition
4.1, S is right ordered k—weakly regular. Let A and B
be any two ordered k—ideals of S. Then A N B is a right
ordered k—ideal of S. Since AB € ANB,XAB <

%(ANB).Thus (ZAB] S (AN B] = An B. By

assumption, 4 N B is a prime right ordered k—ideal
of S.SinceASANnBorBSANB,A=ANBor
B = AN B. Thus we get A € Bor B € A. Hence, the

set of ordered k—ideal of S is totally ordered.
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Proposition 4.7 If S is a right ordered k—weakly
regular semiring and the set of all ordered k—ideals of
S is totally ordered, then S is fully prime ordered
semiring.

Proof. Let P be any right ordered k—ideal of S. To
prove P is a prime right ordered k—ideal of S, let A and
B be any two right ordered k—ideals of S such that

(ZAB] < P. By assumption and Theorem 2.13, A € B

orB € A, (£A%] = Aand (ZB2] = B.If A € B then

A = (ZA?] = (ZAA] < (ZAB] < P.Similarly, if B € A
then B € P. Hence, P is a prime right ordered

k—ideal of S. Therefore, S is a fully prime right
ordered semiring.

Now, we recall the definition of an ordered
k—regular semiring defined by Patchakhieo and
Pibaljommee (Patchakhieo, Pibaljommee, in press) as
follows. An ordered semiring S is said to be ordered
k-regular if a € (aSa], forany a € S.

Corollary 4.8 If S is a commutative ordered semiring,
then S is ordered k—regular if and only if S is right
ordered k—weakly regular.

Proposition 4.9 Each ordered k—ideal of a right
ordered k—weakly regular semiring S is right ordered
k—weakly regular.

Proof. Let A be any ordered k—ideal of a right ordered
k—weakly regular semiring S. Hence, 4 is a subordered

semiring of S. For any element a € A, we have

a € (Z(a$)?] = (ZaSaS]
C (Z(aSaS)(S)(aSaS)(S)]
= (Z(a)(SaSS)(a)(SaSS)]
€ (E(a)(SAS)(a)(SAS)]
C (Z(ad)(ad)] = (Z(ad)?].

Therefore, A is a right ordered k—weakly regular

semiring.
Right ordered pure k—ideals
Definition 5.1 An ordered k—ideal I of an

ordered semiring S is said to be a right ordered pure
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k—ideal if for any x € I,x € (xI].
Proposition 5.2 An ordered k—ideal I of an ordered

semiring S is a right ordered pure k—ideal if and only if

R NI = (ZRI], for any right ordered k—ideal R of S.
Proof. Let I be a right ordered pure k—ideal of S. Since
RICRandRI<S I, RIS RNI. Thus,ZRI S XR N

IS RNI Now,leta € RnI. Since [ is a right

ordered pure k—ideal, a € al € RI < (XRI]. By

combining both inclusions, we get R N [ = (XRI].
Conversely, assume that R N [ = (ZRI], for any right
ordered k—ideal R and ordered k—ideal I of S.Leta €

I.Thena € R(a) NI = R (a)I] =

(E(Na + aS]I] € (E((Na + a$)I]] € E(al]] € (al].
Therefore, I is a right ordered pure k—ideal of S.
Proposition 5.3 An ordered semiring S is right
ordered k—weakly regular if and only if any ordered
k—ideal of S is a right ordered pure k—ideal.

Proof. Assume that S is a right ordered k—weakly
regular semiring. Let I be an ordered k—ideal and R

be a right ordered k—ideal of S. Then by Theorem
2.13, R n 1 = (ZRI]. By Proposition 5.2, we obtain
that I is a right ordered pure k—ideal. Conversely,
assume that any ordered k—ideal of S is a right ordered
pure k—ideal. By Proposition 5.2 and Theorem 2.13, it
turns out S is a right ordered k—weakly regular

semiring.

Discussion and Conclusion

In the study of algebraic systems, the
concept of ideals always play an important role. In this
paper, we study an ordered semiring with special
properties, called right ordered k—weakly regular
semiring. We characterize this ordered semiring in
terms of prime right ordered k—ideals, semiprime right

ordered k—ideals, irreducible right ordered k—ideals
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and strongly irreducible right ordered k—ideals. In the
future, we are interested in investigations of
characterizations of this ordered semiring using prime
right ordered k—bi—ideals, semiprime right ordered k—
bi—ideals, irreducible right ordered k—bi—ideals and

strongly irreducible right ordered k—bi—ideals.
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