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ABSTRACT 
In this paper, we introduced the notions of a prime right ordered 𝑘 −ideal, a semiprime right ordered 𝑘 -

ideal, an irreducible right ordered 𝑘–ideal and a strongly irreducible right ordered 𝑘–ideal of an ordered semiring. 
Moreover, we characterize a right ordered 𝑘 –weakly regular semiring using prime right ordered 𝑘 –ideals, semiprime 
right ordered 𝑘 –ideals, irreducible right ordered 𝑘 –ideals and strongly irreducible right ordered 𝑘 –ideals of an 
ordered semiring. 

 

บทคัดย่อ 
 ในงานวจิยัน้ีเราไดนิ้ยาม เค-ไอดีลขวาเฉพาะอนัดบั เค-ไอดีลขวาก่ึงเฉพาะอนัดบั   เค-ไอดีลขวาลดทอนไม่ได้
อนัดบั และ  เค-ไอดีลขวาลดทอนไม่ไดแ้บบเขม้อนัดบั   ของก่ึงริงอนัดบั นอกจากน้ีเราไดจ้ าแนกลกัษณะเฉพาะของ  
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ไม่ไดอ้นัดบั และ  เค-ไอดีลขวาลดทอนไม่ไดแ้บบเขม้อนัดบัของก่ึงริงอนัดบั 
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Introduction 
As a generalization of rings, semirings were 

introduced by Vandiver (Vandiver, 1939). Gan, Jiang 
(2011) investigated an ordered semiring with 0 and 
introduced several notions, for example, ordered 
ideals, minimal ordered ideals and maximal ordered 
ideals of an ordered semiring. Han et al. (2012) 
investigated semiring orders in a semiring.   Henriksen 
(1958) defined more restricted class of  ideals in a 
semiring known as 𝑘–ideals. Also several 
characterizations of 𝑘–ideals of a semiring were 
discussed by Sen and Adhikari (Sen, Adhikari, 1992; 
Sen, Adhikari, 1993). Patchakhieo, Pibaljommee (in 
press) introduced a notion of  𝑘 –(m,n)- regular ordered 
Γ −semirings and gave a connection between them and 
their ordered (m,n)-ideals. An ordered 𝑘–ideal in an 
ordered semiring was defined by Patchakhieo and 
Pibaljommee (Patchakhieo, Pibaljommee, in press) 
and they characterized ordered  𝑘–regular semirings 
using their ordered  𝑘–ideals and moreover, 
characterizations of left (right) ordered 𝑘–regular 
semirings and left (right) ordered 𝑘–weakly regular 
semirings were investigated. Characterizations of 
prime ideals in semirings were studied by Iseki  (Iseki, 
1956; Iseki, 1958). Prime and semiprime ideals in 
Γ −semirings were investigated by Dutta and Sardar 
(Dutta, Sardar, 2000). Several characterizations of a 
right weakly regular Γ −semiring were furnished by 
using prime right ideals, semiprime right ideals, 
irreducible right ideals and strongly irreducible right 
ideals in a Γ −semiring by Jagatap and Pawar (Jagatap, 
Pawar, 2013). 
 

 

Objectives of the study 
The aims of  this work  are to defined the 

notion of a prime right ordered 𝑘–ideal, a semiprime 
right ordered 𝑘–ideal, an irreducible right ordered 𝑘–
ideal and a strongly irreducible right ordered 𝑘–ideal 
of an ordered semiring and characterize a right ordered  
𝑘–weakly regular semiring using prime right ordered 
𝑘–ideals, semiprime right ordered 𝑘–ideals, irreducible 
right ordered 𝑘–ideals and strongly irreducible right 
ordered 𝑘–ideals of an ordered semiring. 
 

Methodology 
Literature review 
We recall definitions of the semiring, ordered 

semiring and ideals of a semiring. A semiring is a tri-truple 

(𝑆, +, ⋅)  consisting of a nonempty set   𝑆, addition 
operation + and multiplication operation  ∙ on 𝑆  satisfying 
the following conditions. 
1. (𝑆, +) is a commutative semigroup. 
2. (𝑆, ⋅) is a semigroup. 
3. Both operations are connected by the distributive law, 
namely, 𝑎 ⋅ (𝑏 + 𝑐) = 𝑎 ⋅ 𝑏 + 𝑎 ⋅ 𝑐  and (𝑎 + 𝑏) ⋅ 𝑐 = 
𝑎 ⋅ 𝑐 + 𝑏 ⋅ 𝑐  for all  𝑎, 𝑏, 𝑐 ∈ 𝑆. 
In particular, a semiring (𝑆, +, ⋅) is called commutative if  
(𝑆, ⋅) is a commutative semigroup. An element 0 ∈ 𝑆 is 
called a zero element if 𝑎 + 0 = 0 + 𝑎 = 𝑎 and  𝑎 ⋅ 0 =

0 ⋅ 𝑎 = 0 . A nonempty subset  𝐴 of a semiring  (𝑆, +, ⋅)  
is called a left ideal (right ideal) if the following conditions 
are satisfied: 
1. 𝑥 + 𝑦 ∈ 𝐴  for all 𝑥, 𝑦 ∈ 𝐴; 
2. 𝑆𝐴 ⊆ 𝐴(𝐴𝑆 ⊆ 𝐴). 
If 𝐴 is both a left ideal and a right ideal we call  𝐴 an ideal. 
Definition 2.1 Let (𝑆, ≤) be a partially ordered set. Then 
(𝑆, +, ⋅, ≤) is called an ordered semiring if the following 
conditions are satisfied: 
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1. (𝑆, +, ⋅) is a semiring; 
2. if 𝑎 ≤ 𝑏 then 𝑎 + 𝑥 ≤ 𝑏 + 𝑥 and 
      𝑥 + 𝑎 ≤ 𝑥 + 𝑏,    for all 𝑎, 𝑏, 𝑥 ∈ 𝑆; 
3. if 𝑎 ≤ 𝑏 then 𝑎 ∙ 𝑥 ≤ 𝑏 ∙ 𝑥 and 𝑥 ∙ 𝑎 ≤ 𝑥 ∙ 𝑏,  
     for all 𝑎, 𝑏, 𝑥 ∈ 𝑆.  
A nonempty subset 𝐴 of an ordered semiring (𝑆, +, ⋅, ≤) 

is a subordered semiring of (𝑆, +, ⋅, ≤)  if  (𝐴, +, ⋅, ≤) 

is an ordered semiring. 
Let  (𝑆, +, ⋅, ≤) be an ordered semiring. For nonempty 
subset 𝐴 and 𝐵 of 𝑆, we denote 
              (𝐴] = { 𝑥 ∈  𝑆 | 𝑥 ≤  𝑎 for some 𝑎 ∈  𝐴}, 
              𝐴𝐵 = { 𝑥𝑦 ∈  𝑆 | 𝑥 ∈  𝐴, 𝑦 ∈ 𝐵 }, 
               Σ𝐴 =  {∑ 𝑎𝑖  ∈ 𝑖∈𝐼 𝑆|𝑎𝑖 ∈ 𝐴 and 𝐼  is a finite 
                     subset of ℕ},     

          Σ𝐴𝐵 =  {∑ 𝑎𝑖𝑖∈𝐼 𝑏𝑖|𝑎𝑖 ∈ 𝐴, 𝑏𝑖 ∈ 𝐵 and 𝐼  is a finite 
                     subset of ℕ}  and        

               ℕ𝑎 = Σ{𝑎}.              

 Instead of writing an ordered semiring (𝑆, +, ⋅, ≤), we 
simply denote 𝑠 as an ordered semiring. Gan, Jiang (2011) 
defined an ordered ideal and ordered 𝑘 –ideal of an 
ordered semiring as follows. 
Definition 2.2 Let 𝑆 be an ordered semiring and  
∅ ≠ 𝐴 ⊆ 𝑆. Then 𝐴 is called a left ordered ideal (right 
ordered ideal) if the following conditions are satisfied: 
1. 𝐴 is a left ideal (right ideal) of 𝑆;  
2. if 𝑥 ≤ 𝑎 for some 𝑎 ∈  𝐴 then  𝑥 ∈  𝐴.  
We call 𝐴 an ordered ideal if it is both a left ordered ideal 
and a right ordered ideal of 𝑆. 
Definition 2.3 Let 𝑆 be an ordered semiring and 
∅ ≠ 𝐴 ⊆ 𝑆. Then 𝐴 is called a left ordered 𝑘–ideal (right 
ordered k–ideal) if the following conditions are satisfied: 
1. 𝐴 is a left ordered ideal (right ordered ideal) of  𝑆;   
2. if 𝑥 + 𝑎 = 𝑏 for some 𝑎, 𝑏 ∈ 𝐴  then 𝑥 ∈ 𝐴. 
We call  𝐴 an ordered 𝑘–ideal if it is both a left ordered 
ideal and a right ordered ideal of 𝑆.  

Now, we present the notion of the 𝑘–closure operator on 
an ordered semiring defined by Patchakhieo and  
Pibaljommee (Patchakhieo, Pibaljommee, in press)  and its 
basic properties as follows. The 𝑘– closure of a nonempty 
subset 𝐴 of an ordered  semiring 𝑆 is defined by 

𝐴̅ = {𝑥 ∈ 𝑆|∃𝑎, 𝑏 ∈  𝐴, 𝑥 + 𝑎 ≤ 𝑏}. 
Lemma 2.4 Let 𝑆 be an ordered semiring and 𝐴, 𝐵 be 
nonempty subsets of 𝑆. Then the following conditions 
hold. 
1.  (𝐴̅] ⊆ (𝐴]̅̅ ̅̅ .    

2. If 𝐴 ⊆ 𝐵 then 𝐴 ̅ ⊆  𝐵̅. 
3. (𝐴]̅̅ ̅̅ 𝐵 ⊆  (𝐴𝐵]̅̅ ̅̅ ̅̅  and (𝐵]̅̅̅̅̅ ⊆  (𝐴𝐵]̅̅ ̅̅ ̅̅  .  
Lemma 2.5 Let 𝐴 be a nonempty subset of an ordered 
semiring 𝑆. If A  is closed under addition then (𝐴] and (𝐴]̅̅ ̅̅   
are also closed. 
Lemma 2.6 Let 𝑆 be an ordered semiring and 𝐴, 𝐵 be 
nonempty subsets of 𝑆 with 𝐴 + 𝐴 ⊆ 𝐴 and 𝐵 + 𝐵 ⊆ 𝐵. 
Then  
1. 𝐴 ⊆ (𝐴] ⊆  𝐴̅ ⊆  (𝐴]̅̅ ̅̅ ; 
2. (𝐴]̅̅ ̅̅ ⊆  (𝐴]̿̿ ̿̿  ; 
3. 𝐴 + 𝐵 ⊆  𝐴̅ + 𝐵̅ ⊆  𝐴 + 𝐵̅̅ ̅̅ ̅̅ ̅̅ ;  
4. (𝐴]̅̅ ̅̅ + (𝐵]̅̅̅̅̅ ⊆  (𝐴]̅̅ ̅̅ + (𝐵]̅̅̅̅̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆  (𝐴 + 𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ; 
5. 𝐴̅𝐵̅ ⊆ (𝐴]̅̅ ̅̅  (𝐵]̅̅̅̅̅ ⊆  (∑ 𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅. 
Theorem 2.7 Let 𝑆 be an ordered semiring and 𝐴  be a 
nonempty subset of 𝑆. If 𝐴 is a left ordered ideal (resp., 
right ordered ideal, ordered ideal) then (𝐴]̅̅ ̅̅  is the smallest 
left ordered (resp., right ordered, ordered) 𝑘–ideal 
containing 𝐴.  

From the above theorem, we note that 𝐴 is an 
ordered 𝑘–ideal if and only if 𝐴 =  (𝐴]̅̅ ̅̅ .  
Theorem 2.8 Let 𝑆 be an ordered semiring. If the 
intersection of the family of left ordered 𝑘–ideals (resp., 
right ordered 𝑘–ideals, ordered 𝑘–ideals) is not empty then 
it is a left ordered 𝑘–ideal (resp., right ordered 𝑘–ideal, 
ordered 𝑘–ideal). 
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Theorem 2.9 Let 𝑆 be an ordered semiring and 𝐴, 𝐵  
be nonempty subsets of 𝑆. If 𝐴, 𝐵 are two left ordered  
𝑘–ideals (resp., right ordered 𝑘–ideals, ordered 𝑘–ideals)  
then (𝐴 + 𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅̅  is the smallest left ordered 𝑘–ideal (resp., 
right ordered 𝑘–ideal, ordered 𝑘–ideal) containing 𝐴 ∪ 𝐵. 
Let 𝐼𝑘(𝑆) be the set of all ordered 𝑘–ideals of  𝑆. The 
operations ∧ and ∨ on 𝐼𝑘(𝑆) are defined by 
 𝐼 ∧ 𝐽 = 𝐼 ∩ 𝐽 and 𝐼 ∨ 𝐽 = (𝐼 + 𝐽]̅̅ ̅̅ ̅̅ ̅̅ ̅ 
for 𝐼, 𝐽 ∈ 𝐼𝑘(𝑆). 

Theorem 2.10 Let 𝑆 be an ordered semiring with 0.  
Then (𝐼𝑘(𝑆), ∧, ∨) is a complete lattice.   

The smallest left ordered 𝑘–ideal (resp., right 
ordered 𝑘–ideal, ordered 𝑘–ideal) containing 𝐴 denoted by 
𝐿𝑘(𝐴),  𝑅𝑘(𝐴) and 𝑀𝑘(𝐴) respectively. In particular, we 
denote 𝐿𝑘(𝑎) = 𝐿𝑘({𝑎}),  𝑅𝑘(𝑎) = 𝑅𝑘({𝑎}) and 
𝑀𝑘(𝑎) = 𝑀𝑘({𝑎}), for any 𝑎 ∈ 𝑆. 
Corollary 2.11 Let 𝑆 be an ordered semiring and 𝑎 ∈

𝑆. Then  
1. 𝐿𝑘(𝑎) = (ℕ𝑎 + 𝑆𝑎]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅;  
2. 𝑅𝑘(𝑎) = (ℕ𝑎 + 𝑎𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅; 
3. 𝑀𝑘(𝑎) = (ℕ𝑎 + 𝑆𝑎 + 𝑎𝑆 + ∑ 𝑆𝑎𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. 
Patchakhieo, Pibaljommee (in press) introduced the 
concept of an ordered 𝑘–weakly regular semiring and 
characterized it using ordered 𝑘–ideals.  
Definition 2.12 Let 𝑆 be an ordered semiring and 
𝑎 ∈ 𝑆. Then 𝑎 is called left ordered 𝑘–weakly regular 
if 𝑎 ∈ (∑(𝑆𝑎)2]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  and 𝑎 is called right ordered  
𝑘–weakly regular if 𝑎 ∈ (∑(𝑎𝑆)2]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . An ordered 
semiring 𝑆 is called left (right) ordered k–weakly 
regular if every element in 𝑆 is left (right) ordered  
k–weakly regular. 
Theorem 2.13 Let 𝑆 be an ordered semiring. Then the 
following statements are equivalent. 
1. 𝑆 is right ordered 𝑘–weakly regular. 
2. (∑ 𝐴2]̅̅ ̅̅ ̅̅ ̅̅ = 𝐴, for every right ordered 𝑘–ideal 
 𝐴 of 𝑆. 

3. (∑ 𝐴𝐼]̅̅ ̅̅ ̅̅ ̅̅ = 𝐴 ∩ 𝐼, for every right ordered k–ideal  
         𝐴 of  𝑆 and ordered 𝑘–ideal 𝐼 of 𝑆. 
Jagatap, Pawar (2013) defined a prime right ideal, a 
semiprime right ideal, an irreducible right ideal and a 
strongly irreducible right ideal of a Γ −semiring and 
characterized right weakly regular semirings using 
prime right ideals, semiprime right ideals, irreducible 
right ideals and strongly irreducible right ideals as 
follows. 
Definition 2.14 Let 𝑆 and Γ  be two additive 
commutative semigroups. 𝑆  is called a Γ-semiring if 
there exists a mapping 𝑆 × Γ × 𝑆 → 𝑆 denoted by 𝑎𝛼𝑏   
for all 𝑎, 𝑏 ∈ 𝑆 and 𝛼 ∈ Γ  satisfying the following 
conditions: 
1. 𝑎𝛼(𝑏 + 𝑐) = (𝑎𝛼𝑏) + (𝑎𝛼𝑐), 
2. (𝑏 + 𝑐)𝛼𝑎 = (𝑏𝛼𝑎) + (𝑐𝛼𝑎), 

3. 𝑎(𝛼 + 𝛽)𝑐 = (𝑎𝛼𝑐) + (𝑎𝛽𝑐), 

4. 𝑎𝛼(𝑏𝛽𝑐) = (𝑎𝛼𝑏)𝛽𝑐, for all 𝑎, 𝑏, 𝑐 ∈ 𝑆 and  
    for all 𝛼, 𝛽 ∈ Γ. 

Definition 2.15 A right ideal 𝑃 of a Γ −semiring 𝑆 is 
called a prime right ideal if 𝐴Γ𝐵 ⊆ 𝑃 implies 𝐴 ⊆ 𝑃 or 
𝐵 ⊆ 𝑃, for any right ideal 𝐴 and 𝐵 of 𝑆. 
Definition 2.16 A right ideal  𝑃 of 𝑆 is called a 
semiprime right ideal if 𝐴Γ𝐴 ⊆ 𝑃 implies 𝐴 ⊆ 𝑃, for 
any right ideal 𝐴 of 𝑆. 
Definition 2.17 A right ideal 𝑃 of 𝑆 is called an 
irreducible right ideal if 𝐴 ∩ 𝐵 = 𝑃 implies 𝐴 = 𝑃 or 
𝐵 = 𝑃, for any right ideals 𝐴 and 𝐵 of 𝑆. 
Definition 2.18 A right ideal 𝑃 of 𝑆 is called a strongly 
irreducible right ideal if 𝐴 ∩ 𝐵 ⊆ 𝑃 implies  𝐴 ⊆ 𝑃 or 
𝐵 ⊆ 𝑃, for any right ideals 𝐴 and 𝐵 of 𝑆. 
Definition 2.19 A Γ-semiring 𝑆 is said to be right 
weakly regular if 𝑎 ∈ (𝑎Γ𝑆)2 for any 𝑎 ∈ 𝑆. 
Theorem 2.20 A Γ-semiring 𝑆 is right weakly regular 
if and only if every right ideal of 𝑆 is semiprime.  
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Theorem 2.21 If  a Γ-semiring 𝑆 is right weakly 
regular, then an ideal 𝑃 of 𝑆 is prime if and only if 𝑃 is 
irreducible. 

Possible extensions of the literature review 
We extend the concept of a prime right ideal 

and a semiprime right ideal of a Γ-semiring defined in 
Jagatap, Pawar (2013) to define a prime right ordered 
𝑘–ideal, semiprime right ordered 𝑘–ideal, irreducible 
right ordered 𝑘–ideal and strongly irreducible right 
ordered 𝑘–ideal of an ordered semiring.  
Definition 3.1 A right ordered 𝑘–ideal (resp., left 
ordered 𝑘–ideal, ordered 𝑘–ideal) 𝑃 of an ordered 
semiring 𝑆 is called a prime right ordered 𝑘–ideal 
(resp., left ordered 𝑘–ideal, ordered 𝑘–ideal) if 
(∑ 𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃 implies 𝐴 ⊆ 𝑃 or 𝐵 ⊆ 𝑃, for any right 
ordered 𝑘–ideal (resp., left ordered 𝑘–ideal ordered  
𝑘–ideal) 𝐴 and 𝐵 of 𝑆.  
Definition 3.2 A right ordered 𝑘–ideal (resp., left 
ordered 𝑘–ideal , ordered 𝑘–ideal) 𝑃 of an ordered 
semiring 𝑆 is called a semiprime right ordered 𝑘–ideal 
(resp., left ordered 𝑘–ideal, ordered 𝑘–ideal) if 
(∑ 𝐴2]̅̅ ̅̅ ̅̅ ̅̅ ⊆ 𝑃 implies 𝐴 ⊆ 𝑃, for any right ordered  
𝑘–ideal (resp., left ordered 𝑘–ideal, ordered 𝑘–ideal)  
𝐴 of 𝑆.  
Example 3.3 Let 𝐵 = {1, 2}. Then 𝑃(𝐵) = {∅, {1},

{2}, {1,2}}. We  know that (𝑃(𝐵), ⊆) is a partially 
ordered set. It is easy to verify that (𝑃(𝐵), ∪, ∩, ⊆) is 
an ordered semiring and ∅, {∅}, {∅, {1}}, {∅, {2}},

𝑃(𝐵) are all right ordered 𝑘–ideals of 𝑃(𝐵). It is easy 
to check that {∅, {1}} and {∅, {2}} are prime and 
semiprime right ordered 𝑘–ideals of 𝑃(𝐵). 

Obviously, every prime right ordered 𝑘–ideal 
of 𝑆 is a semiprime right ordered 𝑘–ideal.  

Definition 3.4 A right ordered 𝑘–ideal (resp., left 
ordered 𝑘–ideal, ordered 𝑘–ideal) 𝑃 of an ordered 
semiring 𝑆 is called an irreducible right ordered  
𝑘–ideal (resp., left ordered 𝑘–ideal, ordered 𝑘–ideal) 
if  𝐴 ∩ 𝐵 = 𝑃 implies 𝐴 = 𝑃 or 𝐵 = 𝑃, for any right 
ordered 𝑘–ideal (resp., left ordered 𝑘–ideal, ordered  
𝑘–ideal) 𝐴 and 𝐵 of 𝑆. 
Definition 3.5 A right ordered 𝑘–ideal (resp., left 
ordered 𝑘–ideal, ordered 𝑘–ideal) 𝑃 of an ordered 
semiring 𝑆 is called a strongly irreducible right 
ordered 𝑘 –ideal (resp., left ordered 𝑘–ideal, ordered 
𝑘–ideal) if  𝐴 ∩ 𝐵 ⊆ 𝑃  implies 𝐴 ⊆ 𝑃 or 𝐵 ⊆ 𝑃, for 
any right ordered 𝑘–ideal (left ordered 𝑘–ideal, 
ordered 𝑘–ideal) 𝐴 and 𝐵 of 𝑆. 
Example 3.6 Let 𝐿 = [0, 1]. We define the operation 
⨁ and ⨀ on 𝐿 by 𝑎 ⨁  𝑏 = max{𝑎, 𝑏} and 𝑎⨀𝑏 =

min{𝑎, 𝑏} for every 𝑎, 𝑏 ∈ 𝐿. It is easy to verify that 
(𝐿, ⨁, ⨀) equipped with the usual ordering ≤ is an 
ordered semiring. Let 𝐼 = [0,

1

3
]. Now, 𝐼  is an 

irreducible (strongly irreducible) right ordered 𝑘–ideal 
of  (𝐿, ⨁, ⨀, ≤). 

Doing research to investigate main results 
We characterize a right ordered 𝑘–weakly 

regular semirings by prime right ordered 𝑘–ideals, 
semiprime right ordered 𝑘–ideals, irreducible rights 
ordered 𝑘–ideals and strongly irreducible right ordered 
𝑘–ideals of an ordered semiring. The results have 
shown as follows. 
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Results 
  Prime right ordered  𝒌–ideals 

Lemma 3.7 Let 𝑆  be an ordered semiring 
and 𝐴 be a nonempty subset of 𝑆 with 𝐴 + 𝐴 ⊆ 𝐴. Then 
((𝐴]̅̅ ̅̅ ]̅̅ ̅̅ ̅̅ ̅ ⊆ (𝐴]̅̅ ̅̅ . 
Proof. Let 𝐴 be a nonempty subset of 𝑆 with 
𝐴 + 𝐴 ⊆ 𝐴. Since ((𝐴]] = (𝐴], ((𝐴]]̅̅ ̅̅ ̅̅ ̅ = (𝐴]̅̅ ̅̅ . By Lemma  
2.4(1), we  have ((𝐴]̅̅ ̅̅ ] ⊆ ((𝐴]]̅̅ ̅̅ ̅̅ ̅. By  Lemma 2.6(2),  we  
have ((𝐴]̅̅ ̅̅ ]̅̅ ̅̅ ̅̅ ̅ ⊆  ((𝐴]]̿̿ ̿̿ ̿̿ ̿ = ((𝐴]]̅̅ ̅̅ ̅̅ ̅ = (𝐴]̅̅ ̅̅ . Thus ((𝐴]̅̅ ̅̅ ]̅̅ ̅̅ ̅̅ ̅ ⊆ (𝐴].̅̅ ̅̅ ̅     
Theorem 3.8 A right ordered 𝑘–ideal  𝑃 of a commutative 
ordered semiring 𝑆 is a prime right ordered  𝑘–ideal of 𝑆  
if and only  if  (ℕ𝑎𝑏 + ℕ𝑎𝑆𝑏 + ℕ𝑎𝑏𝑆 + 𝑎𝑆𝑏𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃 
implies  𝑎 ∈ 𝑃or 𝑏 ∈ 𝑃, for any 𝑎, 𝑏 ∈ 𝑆.  

Proof.  Let 𝑃 be a prime right 𝑘–ideal of 𝑆 and  
(ℕ𝑎𝑏 + ℕ𝑎𝑆𝑏 + ℕ𝑎𝑏𝑆 + 𝑎𝑆𝑏𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃. By Lemma  
2.4 (3) and Lemma 3.7, we have 
 (ℕ𝑎 + 𝑎𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (ℕ𝑏 + 𝑏𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅   
  ⊆ ((ℕ𝑎 + 𝑎𝑆)(ℕ𝑏 + 𝑏𝑆]]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
  ⊆ (((ℕ𝑎 + 𝑎𝑆)(𝑁𝑏 + 𝑏𝑆]]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  
 ⊆ ((ℕ𝑎 + 𝑎𝑆)(ℕ𝑏 + 𝑏𝑆)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
              = (ℕ𝑎𝑏 + ℕ𝑎𝑆𝑏 + ℕ𝑎𝑏𝑆 + 𝑎𝑆𝑏𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅    
 ⊆ 𝑃. 

Now, we have (∑(ℕ𝑎 + 𝑎𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (ℕ𝑏 + 𝑏𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃. Since 𝑃   
is a prime right 𝑘–ideal, it turns out (ℕ𝑎 + 𝑎𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃 or 
(ℕ𝑏 + 𝑏𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃. By Corollary 2.11, we get 𝑎 ∈ 𝑃 or  
𝑏 ∈ 𝑃. Conversely, let 𝐴 and 𝐵  be any two right 
ordered 𝑘–ideals of 𝑆 such  that (𝐴𝐵]̅̅ ̅̅ ̅̅ ⊆ 𝑃. Let 𝑎 ∈ 𝐴,

𝑏 ∈ 𝐵. Then   
 (ℕ𝑎𝑏 + ℕ𝑎𝑆𝑏 + ℕ𝑎𝑆𝑏 + 𝑎𝑆𝑏𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

  = (𝑎(ℕ𝑏 + ℕ𝑆𝑏 + ℕ𝑏𝑆 + 𝑆𝑏𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

  = (𝑎(ℕ𝑏 + ℕ𝑏𝑆 + ℕ𝑏𝑆 + 𝑏𝑆𝑆)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
  ⊆ (𝐴𝐵]̅̅ ̅̅ ̅̅  
  ⊆ (∑ 𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃. 

By assumption, we have 𝑎 ∈ 𝑃 or 𝑏 ∈ 𝑃. Thus, 𝐴 ⊆ 𝑃 or 

𝐵 ⊆ 𝑃. This implies 𝑃 a prime right 𝑘–ideal of 𝑆.   

Corollary 3.9 A right ordered 𝑘–ideal 𝑃 of a 
commutative ordered semiring 𝑆 is a semiprime right  
ordered 𝑘–ideal of 𝑆 if and only if 

(ℕ𝑎2 + ℕ𝑎𝑆𝑎 + ℕ𝑎2𝑆 + (𝑎𝑆)2]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆ 𝑃 implies 𝑎 ∈ 𝑃, 
for  any 𝑎 ∈ 𝑆. 
Theorem 3.10 If 𝑃 is a prime right ordered   
𝑘–ideal of 𝑆, then (𝑃 ∶ 𝑎) ∶=  {𝑥 ∈ 𝑆|𝑎𝑥 ∈ 𝑃} is   
also a prime right ordered 𝑘–ideal of 𝑆 for any  
𝑎 ∈  𝑆\𝑃.   

Proof.  Let 𝑃 be a prime right ordered 𝑘–ideal of 𝑆 and  
𝑎 ∈ 𝑆\𝑃. Let 𝑥, 𝑦 ∈ (𝑃 ∶ 𝑎). Then 𝑎𝑥, 𝑎𝑦 ∈ 𝑃 and so, 
 𝑎(𝑥 + 𝑦) = 𝑎𝑥 + 𝑎𝑦 ∈ 𝑃. This implies 𝑥 + 𝑦 ∈ 

(𝑃 ∶  𝑎).  Let 𝑥 ∈ (𝑃 ∶ 𝑎) and 𝑠 ∈ 𝑆. Then 
 𝑎(𝑥𝑠) = (𝑎𝑥) 𝑠 ∈ 𝑃. This implies 𝑥𝑠 ∈ 𝑃.  
Let 𝑥 ∈  ((𝑃 ∶ 𝑎)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. Then there exist 𝑝, 𝑝′ ∈ ((𝑃 ∶ 𝑎)] 
such  that 𝑥 + 𝑝 ≤ 𝑝′. Since 𝑝, 𝑝′ ∈ ((𝑃 ∶ 𝑎)],  
𝑝 ≤ 𝑘, 𝑝′ ≤  𝑘′ for some 𝑘, 𝑘′  ∈ (𝑃 ∶ 𝑎). This means  
𝑎𝑘 ∈ 𝑃 and 𝑎𝑘′ ∈ 𝑃. Since 𝑎𝑝 ≤ 𝑎𝑘 and 𝑎𝑝′ ≤  𝑎𝑘′,

𝑎𝑝, 𝑎𝑝′ ∈ (𝑃]. Since 𝑎𝑥 + 𝑎𝑝 ≤ 𝑎𝑝′, we have 𝑎𝑥 ∈

 (𝑃]̅̅ ̅̅ = 𝑃. Thus 𝑥 ∈ (𝑃 ∶ 𝑎) and so,  ((𝑃 ∶ 𝑎)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆

(𝑃 ∶ 𝑎). This  shows  that (𝑃 ∶ 𝑎) is a right ordered  𝑘–
ideal of  𝑆. 

  Next, we show that (𝑃 ∶ 𝑎) is a prime right 
ordered  𝑘–ideal of  𝑆.  Let 𝐴, 𝐵 be any two right ordered 
𝑘–ideals of 𝑆 such that (∑ 𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ (𝑃 ∶ 𝑎). Then ∑ 𝐴𝐵 ⊆

(∑ 𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ (𝑃 ∶ 𝑎). Thus, 𝑎 ∑ 𝐴𝐵 = ∑ 𝑎𝐴𝐵 ⊆ 𝑃 and 
(∑ 𝑎𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃. Since 𝑎𝐴𝑎𝐵 ⊆ 𝑎𝐴𝐵 ⊆  ∑ 𝑎𝐴𝐵, we obtain 
 ∑(𝑎𝐴𝑎𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ⊆  ∑(∑ 𝑎𝐴𝑎𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆  ∑(∑ 𝑎𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃.      
By Lemma  2.6(5), we obtain (∑(𝑎𝐴]̅̅ ̅̅ ̅̅  (𝑎𝐵]̅̅ ̅̅ ̅̅ ]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆  

(∑(∑ 𝑎𝐴𝑎𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ 𝑃. Then (𝑎𝐴]̅̅ ̅̅ ̅̅ ⊆ 𝑃 or (𝑎𝐵]̅̅ ̅̅ ̅̅ ⊆ 𝑃, since 
(𝑎𝐴]̅̅ ̅̅ ̅̅  and (𝑎𝐵]̅̅ ̅̅ ̅̅  are right ordered 𝑘–ideals of  𝑆. Since 
𝑎𝐴 = 𝑎(𝐴]̅̅ ̅̅  ⊆  (𝑎𝐴]̅̅ ̅̅ ̅̅  ⊆  𝑃 or 𝑎𝐵 = 𝑎(𝐵]̅̅̅̅̅  ⊆  (𝑎𝐵]̅̅ ̅̅ ̅̅  ⊆ 𝑃,

𝐴 ⊆ (𝑃 ∶ 𝑎) or 𝐵 ⊆ (𝑃 ∶ 𝑎). Therefore, (𝑃 ∶ 𝑎) is a  
prime right ordered 𝑘–ideal of  𝑆.    
Theorem 3.11 Let 𝑆  be an ordered semiring with  
identity and 𝑃 is a prime right ordered 𝑘–ideal of 𝑆.  

Then 𝐼 =  {𝑥 ∈ 𝑆|𝑆𝑥 ⊆ 𝑃} is the largest ordered  
𝑘–ideal of 𝑆 contained in 𝑃. 
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Proof. Clearly, 𝐼 is closed under addition.  Let 
𝑠 ∈ 𝑆 and 𝑥 ∈  𝐼.  We have 𝑆𝑥 ⊆  𝑃 and  so 𝑥 = 1𝑥 ∈

 𝑃,  i.e., 𝐼 ⊆  𝑃. Since 𝑆(𝑠𝑥) ⊆ 𝑆𝑥 ⊆ 𝑃 and 𝑆(𝑥𝑠) ⊆

𝑃𝑠 ⊆ 𝑃, 𝑠𝑥 ∈ 𝐼 and 𝑥𝑠 ∈  𝐼, respectively. Let 𝑎 ∈  𝑆.  

Assume that 𝑎 + 𝑥 = 𝑦 for some 𝑥, 𝑦 ∈  𝐼.  We  have 
𝑠𝑎 + 𝑠𝑥 = 𝑠𝑦 for all 𝑠 ∈  𝑆. Since 𝑠𝑥, 𝑠𝑦 ∈ 𝑃, 𝑠𝑎 ∈

 𝑃, i.e., 𝑎 ∈ 𝐼. Let 𝑎 ∈  𝑆 and 𝑥 ∈  𝐼 with 𝑎 ≤  𝑥. We  
have 𝑠𝑎 ≤  𝑠𝑥 ∈  𝑃 for all 𝑠 ∈  𝑆. Then 𝑠𝑎 ∈  𝑃 for 
all 𝑠 ∈  𝑆, i.e., 𝑎 ∈  𝐼.  These  show  that 𝐼 is an  
ordered 𝑘–ideal of 𝑆 contained in 𝑃.  Suppose that 𝐴 is 
an ordered 𝑘–ideal of 𝑆 contained in 𝑃. Let 𝑎 ∈  𝐴.  
We have 𝑆𝑎 ⊆ 𝐴 ⊆ 𝑃, i.e., 𝑎 ∈  𝐼. Now, 𝐼 is the  largest 
ordered 𝑘–ideal of 𝑆 contained  in 𝑃.        

Right ordered 𝒌–weakly regular semirings  
Proposition 4.1 An ordered semiring 𝑆 is a 

right ordered 𝑘–weakly  regular if and only if every 
right ordered 𝑘–ideal of 𝑆 is semiprime. 
Proof. Let 𝑆 is a  right ordered 𝑘–weakly  regular. 
Let  𝐵 be a right ordered k–ideal of 𝑆. Suppose 
that  (ΣA2]̅̅ ̅̅ ̅̅ ̅ ⊆ 𝐵, for any  right ordered  𝑘–ideal  𝐴 of   𝑆. 
By Theorem 2.13, we have 𝐴 =  (ΣA2]̅̅ ̅̅ ̅̅ ̅̅ , i.e, A ⊆ B. Hence, 
𝐵 is a semiprime. Conversely,  suppose  that  every  right  
ordered 𝑘–ideal of 𝑆 is  semiprime. Let 𝐵 be a right 
ordered 𝑘–ideal of  𝑆. Since  Σ𝐵2 is closed under addition, 
by Lemma 2.5,  (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅  is also closed. Let 𝑥 ∈ (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅  and 
 𝑠 ∈ 𝑆. Then  𝑥 + 𝑎 ≤ 𝑏 for some 𝑎, 𝑏 ∈ (Σ𝐵2] and 𝑥𝑠 +

𝑎𝑠 ≤ 𝑏𝑠. Since  𝑎 ∈ (Σ𝐵2] , 𝑎 ≤ Σ𝑏𝑖𝑏𝑗 for some 𝑏𝑖 , 𝑏𝑗 ∈

𝐵 and  𝑎𝑠 ≤ (Σ𝑏𝑖𝑏𝑗) 𝑠 = Σ𝑏𝑖(𝑏𝑗𝑠) ∈ Σ𝐵2. Thus 𝑎𝑠 ∈

(Σ𝐵2]. Similarly,  𝑏𝑠 ∈ (Σ𝐵2]. Then 𝑥𝑠 ∈ (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅ . By 
Lemma 3.7,  ((Σ𝐵2]]̅̅ ̅̅ ̅̅ ̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆ (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅ . Now, we have (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅   
a  right  ordered  k–ideal of  𝑆. By  assumption (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅  is a 
semiprime right ordered k–ideal of  𝑆. Then  (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅ ⊆

 (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅   implies 𝐵 ⊆ (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅ . Therefore,   (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝐵. By  
Theorem 2.13,  𝑆 is  right ordered  𝑘–weakly  regular. 
       

Lemma 4.2  If  𝑆 is right ordered 𝑘–weakly regular, then 
 𝐼𝑘(𝑆) is a distributive complete  lattice. 
Proof.  Let  𝑆 be a  right ordered k–weakly  regular and 
 𝐼, 𝐽, 𝐾 ∈ 𝐼𝑘(𝑆). By Theorem 2.10,  (𝐼𝑘(𝑆), ∧, ∨) is  a 
complete lattice. Now, we show distributivity. Consider 
((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = (𝐼 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅ and 𝐼 ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅ =

((𝐼 ∩ 𝐽) + (𝐼 ∩ 𝐾)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. Since (𝐼 ∩ 𝐽) + 𝐾 ⊆ 𝐼 + 𝐾 and 
(𝐼 ∩ 𝐽) + 𝐾 ⊆ 𝐽 + 𝐾,  ((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ (𝐼 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅   and 
((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅. Thus  ((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆

(𝐼 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅. Since  𝑆 is  right ordered 𝑘–weakly  
regular, we have     
       (𝐼 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅ = (Σ(𝐼 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅   (𝐽 + 𝐾̅̅ ̅̅ ̅̅ ̅̅ ]]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  
                                 ⊆  (Σ((𝐼 + 𝐾)(𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
                                                                    ⊆ (Σ(((𝐼 + 𝐾)(𝐽 + 𝐾)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ]

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  
                                                                     ⊆  (Σ(((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
                                     ⊆  (Σ((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

           ⊆ (((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
                                                                      ⊆  ((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ . 
This  shows that ((𝐼 ∩ 𝐽) + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = (𝐼 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅. 
Next, we show 𝐼 ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅ = (𝐼 ∩ 𝐽 + 𝐼 ∩ 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. Since  𝐼 ∩

𝐽 ⊆ 𝐽 and 𝐼 ∩ 𝐾 ⊆ 𝐾,  (𝐼 ∩ 𝐽 + 𝐼 ∩ 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆  (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅. Since 
𝐼 ∩ 𝐽 ⊆ 𝐼 and 𝐼 ∩ 𝐾 ⊆ 𝐼, (𝐼 ∩ 𝐽 + 𝐼 ∩ 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆  𝐼. Thus, 
(𝐼 ∩ 𝐽 + 𝐼 ∩ 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆  𝐼 ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅. Since  𝑆 is right ordered 
k–weakly regular and  (𝐼 ∩ 𝐽 + 𝐼 ∩ 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅

 
is a smallest 

ordered k–ideal containing  𝐼 ∩ 𝐽 and 
 
𝐼 ∩ 𝐾.   

We have  𝐼 ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅ = (Σ𝐼(𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆  (Σ(𝐼𝐽 + I𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆

 (Σ(𝐼 ∩ 𝐽 + I ∩ 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆ (𝐼 ∩ 𝐽 + I ∩ 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ . This shows that 
𝐼 ∩ (𝐽 + 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅ = (𝐼 ∩ 𝐽 + 𝐼 ∩ 𝐾]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅. Hence,  𝐼𝑘(𝑆) is a 
distributive complete lattice.    
Proposition 4.3  If  𝑆 is  right ordered 𝑘–weakly regular,  
then an ordered 𝑘–ideal 𝑃 of 𝑆 is a prime ordered 𝑘–ideal 
if and only if  𝑃 is an irreducible ordered 𝑘–ideal of 𝑆. 
Proof. Assume that 𝑆 is right ordered 𝑘–weakly  
regular and 𝑃 is a prime ordered 𝑘–ideal of 𝑆. Let 𝐴, 𝐵 
be any two ordered 𝑘–ideals of 𝑆 such that 𝐴 ∩ 𝐵 = 𝑃. 
By Theorem 2.13, we have (Σ𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ = 𝐴 ∩ 𝐵 = 𝑃. Thus 
𝐴 ⊆ 𝑃 or 𝐵 ⊆ 𝑃. Since 𝐴 ∩ 𝐵 = 𝑃, 𝐴 = 𝑃  or 𝐵 = 𝑃. 
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Thus, 𝑃 is an irreducible ordered 𝑘–ideal of 𝑆. 
Conversely, let 𝑃 be an irreducible ordered 𝑘–ideal  
of 𝑆 and 𝐴, 𝐵 be any two ordered k–ideals of 𝑆 such 
that  (Σ𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ⊆ 𝑃. Then by Theorem 2.13, we have 𝐴 ∩

𝐵 ⊆ 𝑃. Then (𝐴 ∩ 𝐵 + 𝑃]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = 𝑃. By  Lemma  4.2,  
(𝐴 + 𝑃]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ∩ (𝐵 + 𝑃]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑃. Since 𝑃 is an irreducible  
ordered k–ideal,  (𝐴 + 𝑃]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑃 or  (𝐵 + 𝑃]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝑃. Thus, 
𝐴 ⊆ 𝑃 or 𝐵 ⊆ 𝑃. Therefore, 𝑃 is a prime ordered  
𝑘–ideal of 𝑆.                                                                                           

  Now, we define a fully prime right ordered  
semiring and a fully semiprime right ordered semiring. 
Definition 4.4 An ordered semiring 𝑆 is said to be a  
fully prime (semiprime) right ordered semiring if all  
right ordered 𝑘–ideals of 𝑆 are prime (semiprime)  
right ordered 𝑘–ideals of 𝑆. 

Example 4.5 An ordered semiring (𝐿, ⨁, ⨀, ≤) in 
Example 3.6 is a fully prime (semiprime) right ordered  
semiring.   
  The relation between a fully prime right 
ordered  semiring and a right ordered k–weakly regular  
semiring is furnished in the following propositions. 
Proposition 4.6 If 𝑆 is a fully prime ordered semiring, 
then 𝑆 is a right ordered 𝑘–weakly regular and the set 
of all ordered 𝑘–ideals of 𝑆 is totally ordered. 
Proof. Let 𝑆 be a fully prime right ordered semiring.  
Then every right ordered 𝑘–ideal of 𝑆 is a prime right 
ordered 𝑘–ideal. But every prime right ordered 𝑘–ideal 
is a semiprime right ordered 𝑘–ideal. By Proposition 
4.1, 𝑆 is right ordered 𝑘–weakly regular. Let 𝐴 and 𝐵 

be any two ordered 𝑘–ideals of 𝑆. Then 𝐴 ∩ 𝐵 is a right 
ordered 𝑘–ideal of 𝑆.  Since 𝐴𝐵 ⊆ 𝐴 ∩ 𝐵, Σ𝐴𝐵 ⊆

Σ(𝐴 ∩ 𝐵). Thus (Σ𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ⊆ (𝐴 ∩ 𝐵]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝐴 ∩ 𝐵. By 
assumption, 𝐴 ∩ 𝐵 is a prime right ordered 𝑘–ideal  
of 𝑆. Since 𝐴 ⊆ 𝐴 ∩ 𝐵 or 𝐵 ⊆ 𝐴 ∩ 𝐵, 𝐴 = 𝐴 ∩ 𝐵 or 
𝐵 = 𝐴 ∩ 𝐵. Thus we get 𝐴 ⊆ 𝐵 or 𝐵 ⊆ 𝐴. Hence, the 
set of ordered 𝑘–ideal of 𝑆 is totally ordered.  

Proposition 4.7 If 𝑆 is a right ordered 𝑘–weakly 
regular semiring and the set of all ordered 𝑘–ideals of 
𝑆 is totally ordered, then 𝑆 is fully prime ordered 
semiring. 
Proof. Let 𝑃 be any right ordered 𝑘–ideal of 𝑆. To 
prove 𝑃 is a prime right ordered 𝑘–ideal of 𝑆, let 𝐴 and 
𝐵 be any two right ordered 𝑘–ideals of 𝑆 such that 
(Σ𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ⊆ 𝑃. By assumption and Theorem 2.13, 𝐴 ⊆ 𝐵 
or 𝐵 ⊆ 𝐴, (Σ𝐴2]̅̅ ̅̅ ̅̅ ̅ = 𝐴 and  (Σ𝐵2]̅̅ ̅̅ ̅̅ ̅̅ = 𝐵. If 𝐴 ⊆ 𝐵 then 
𝐴 = (Σ𝐴2]̅̅ ̅̅ ̅̅ ̅ = (Σ𝐴𝐴]̅̅ ̅̅ ̅̅ ̅̅ ⊆ (Σ𝐴𝐵]̅̅ ̅̅ ̅̅ ̅̅ ⊆ 𝑃. Similarly, if 𝐵 ⊆ 𝐴 
then 𝐵 ⊆ 𝑃. Hence, 𝑃 is a prime right ordered  
𝑘–ideal of 𝑆. Therefore, 𝑆 is a fully prime right 
ordered semiring.                                                                                   
  Now, we recall the definition of an ordered  
𝑘–regular semiring defined by Patchakhieo and 
Pibaljommee (Patchakhieo,  Pibaljommee, in press) as 
follows. An ordered semiring 𝑆 is said to be ordered  
𝑘–regular if 𝑎 ∈  (𝑎𝑆𝑎]̅̅ ̅̅ ̅̅ ̅̅ , for any 𝑎 ∈  𝑆.   

Corollary 4.8 If  𝑆 is a commutative ordered semiring, 
then 𝑆 is ordered 𝑘–regular if and only if 𝑆 is  right 
ordered 𝑘–weakly regular. 
Proposition 4.9 Each ordered 𝑘–ideal of a right 
ordered 𝑘–weakly regular semiring 𝑆 is right ordered  
𝑘–weakly regular. 
Proof. Let 𝐴 be any ordered 𝑘–ideal of a right ordered 
𝑘–weakly regular semiring 𝑆. Hence, 𝐴 is a subordered 
semiring of 𝑆. For any element 𝑎 ∈  𝐴, we have 
 𝑎 ∈  (Σ(𝑎𝑆)2]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = (Σ𝑎𝑆𝑎𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
                                     ⊆ (Σ(𝑎𝑆𝑎𝑆)(𝑆)(𝑎𝑆𝑎𝑆)(𝑆)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
                                     = (Σ(𝑎)(𝑆𝑎𝑆𝑆)(𝑎)(𝑆𝑎𝑆𝑆)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
                                     ⊆ (Σ(𝑎)(𝑆𝐴𝑆)(𝑎)(𝑆𝐴𝑆)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  
                        ⊆ (Σ(𝑎𝐴)(𝑎𝐴)]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = (Σ(𝑎𝐴)2]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ .   
Therefore, 𝐴 is a right ordered 𝑘–weakly regular 
semiring.   
  Right ordered pure 𝒌–ideals 

Definition 5.1 An ordered 𝑘–ideal 𝐼 of an  
ordered semiring 𝑆 is said to be a right ordered pure 
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k–ideal if for any 𝑥 ∈  𝐼, 𝑥 ∈  (𝑥𝐼]̅̅ ̅̅ ̅.  
Proposition 5.2 An ordered 𝑘–ideal 𝐼 of an ordered 
semiring 𝑆 is a right ordered pure 𝑘–ideal if and only if 
𝑅 ∩ 𝐼 = (Σ𝑅𝐼]̅̅ ̅̅ ̅̅ ̅, for any right ordered 𝑘–ideal 𝑅 of 𝑆.  
Proof. Let 𝐼 be a right ordered pure 𝑘–ideal of 𝑆. Since 
𝑅𝐼 ⊆ 𝑅 and 𝑅𝐼 ⊆ 𝐼,  𝑅𝐼 ⊆ 𝑅 ∩ 𝐼. Thus, Σ𝑅𝐼 ⊆ Σ𝑅 ∩

𝐼 ⊆ 𝑅 ∩ 𝐼.  Now, let 𝑎 ∈ 𝑅 ∩ 𝐼. Since 𝐼 is a right 
ordered pure 𝑘–ideal, 𝑎 ∈ 𝑎𝐼 ⊆ 𝑅𝐼 ⊆ (Σ𝑅𝐼]̅̅ ̅̅ ̅̅ ̅. By 
combining both inclusions, we get 𝑅 ∩ 𝐼 = (Σ𝑅𝐼]̅̅ ̅̅ ̅̅ ̅. 
Conversely, assume that 𝑅 ∩ 𝐼 = (Σ𝑅𝐼]̅̅ ̅̅ ̅̅ ̅, for any right 
ordered 𝑘–ideal 𝑅 and ordered k–ideal 𝐼 of  𝑆. Let 𝑎 ∈

𝐼. Then 𝑎 ∈ 𝑅𝑘(𝑎) ∩ 𝐼 = (Σ𝑅𝑘(𝑎)𝐼]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ =

(Σ(ℕ𝑎 + 𝑎𝑆]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅𝐼]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ⊆ (Σ((ℕ𝑎 + 𝑎𝑆)𝐼]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆  (Σ(𝑎𝐼]̅̅ ̅̅ ̅]̅̅ ̅̅ ̅̅ ̅̅ ̅ ⊆  (𝑎𝐼]̅̅ ̅̅ ̅ . 
Therefore, 𝐼 is a right ordered pure 𝑘–ideal of 𝑆.     
Proposition 5.3 An ordered semiring 𝑆 is right 
ordered 𝑘–weakly regular if and only if any ordered  
𝑘–ideal of 𝑆 is a right ordered pure 𝑘–ideal. 
Proof. Assume that 𝑆 is a right ordered 𝑘–weakly 
regular semiring. Let 𝐼 be an ordered 𝑘–ideal and 𝑅  
be a right ordered 𝑘–ideal of 𝑆. Then by Theorem 
2.13, 𝑅 ∩ 𝐼 = (Σ𝑅𝐼]̅̅ ̅̅ ̅̅ ̅. By Proposition 5.2, we obtain 
that 𝐼 is a right ordered pure 𝑘–ideal. Conversely, 
assume that any ordered 𝑘–ideal of 𝑆 is a right ordered 
pure 𝑘–ideal. By Proposition 5.2 and Theorem 2.13, it 
turns out 𝑆 is a right ordered 𝑘–weakly regular 
semiring.                                                                                                    
 

Discussion and Conclusion 
In the study of algebraic systems, the 

concept of ideals always play an important role. In this 
paper, we study an ordered semiring with special 
properties, called right ordered 𝑘–weakly regular 
semiring. We characterize this ordered semiring in 
terms of prime  right ordered 𝑘–ideals, semiprime right 
ordered 𝑘–ideals, irreducible right ordered 𝑘–ideals 

and strongly irreducible right ordered 𝑘–ideals. In the 
future, we are interested in investigations of  
characterizations of  this ordered semiring  using prime 
right ordered 𝑘–bi–ideals, semiprime right ordered 𝑘–
bi–ideals, irreducible right ordered 𝑘–bi–ideals and 
strongly irreducible right ordered 𝑘–bi–ideals. 

 
References 
Dutta T. K., Sardar S.k. Semiprime ideals and  
 irreducible ideals of Γ-semiring. Novi Sad jour.  
 Math. 2000; 30(3) : 97-108. 
Gan A. P., Jiang Y.L. On ordered ideals in ordered  
 semirings. J. Math. Res. Exposition 2011;  
 31(2011): 989-996. 
Henrikson M. Ideals in semirings with commutative  
 addition. Amer. Math. Soc. Notices 1958;  
 6(1958): 321. 
Han J. S., Kim H. S., Neggers J. semiring orders in  
 semiring. Appl. Math. Inform. Sci. 2012; 6(2012):  
 99-102. 
Iseki K. Ideal theory of semiring. Proc. Japan  
 Acad.1956; 32(1956): 554-559. 
Iseki K. Ideals in semirings. Proc. Japan Acad. 1958,  
 34(1958): 29-31. 
Jagatap R. D., Pawar Y.S. Right ideals of Γ-semiring.  
 Novi Sad J. Math. 2013; 43(2): 11-19. 
Mandal D.  Fuzzy ideals and fuzzy interior ideals in  
 ordered semirings. Fuzzy Inf. Eng. 2014; 6(2014):   
 101-114. 
Patchakhie S., Pibaljommee B. On 𝑘 -(m,n)-regular 
 ordered Γ-semiring. to appear. 
Patchakhie S., Pibaljommee B. Characterizations of  
 ordered 𝑘–regular semirings by ordered 𝑘–ideals.  
 to appear. 
 

- 125 -



 

 
PMO11-10 

Sen M. K., Adhikari M. R. On k-ideals of semirings.   
Int. Jour. Math. and Math.Sci. 1992; 15(2):     
347-350. 

Sen M. K., Adhikari M. R. On maximal 𝑘–ideals of  
 semirings. Proc. of american math. Soc. 1993;  
 118(3): 699-720. 
Vandiver H. S. On some simple types of semirings.  
 amer. Math. Monthly 1939; 46(1939): 22-26. 
 
 

- 126 -




