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On the Principal Bi-Ideals in the Direct Product of Two Semigroups
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ABSTRACT
Let S and T be any two semigroups. For an element x of S,the symbols B(x) and B, stand for a bi-ideal of
S generated by x, and B-class of S containing x, respectively. Let s € S and t € T. In this paper, we characterize

when 1) B((s,t)) = B(s) X B(t); 2) B(sy) = Bs X B, and 3) B(s ) is a maximal B-class in § X T
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Introduction
Let S and T be semigroups. Then the Cartesian

product S X T becomes a semigroup if we define
(s, )(s",t") = (ss',tt")

for every (s,t),(s',t") € S x T.

We refer to this semigroup as the direct product of S
and T (Howie, 1995). The direct product is one of the
interesting topics in semigroup. Frabici (1991)
characterized the principal one-side ideal in the direct
product of two semigroups. In this article we extend
these ideas to the principal bi-ideals which is defined by
Good, Hughes (1952). The necessary tool to prove
theorems in this article is the projection map. Let S and
T be any two semigroups, the projection map mg: S X
T — S is defined by (s,t)ms = s for all (s,t) € S X T.
The projection map mp:SXT —>T is defined
analogously.

From now, we write AB tomean{ab | a € A,b € B}

for every subset A, B of a semigroup S.

The direct product of principal bi-ideals

The first definition is applied from ideas of
Lajos (1961).
Definition 2.1. Let C be a subsemigroup a semigroup
S. We say that C is a bi-ideal of S if CSC € C. For a
subset A of S, the smallest bi-ideal of S containing A4 is
called the bi-ideal of S generated by A, and denoted by
B(A). In particular, if A ={a}, B(A) is called the

principal bi-ideal of S generated by a, and replaced by
B(a).

Example 1. Let S = {a, b, ¢, d, e} be a semigroup with

the operation - defined by
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Let A = {c,d}. Then A is a subsemigroup of S because
AA ={c,d} = A. Moreover, A is a bi-ideal of §
because ASA = {c,d} = A.

Let B = {a,b}. Since BB = B, it follows that B is a

subsemigroup of S. But B is not bi-ideal because ach =
d¢&B.
Let C ={a,b,c,d}. It can be observed that C is a bi-

ideal of S. Moreover, C is the principal bi-ideal of S

generated by a.

Lemma 2.2. (Lajos,1960) Let a be an element of a

semigroup S. Then B(a) = {a,a?} U aSa.

Lemma 2.3. Let s be an element of a semigroup S. Then

B(s) = sSsifand only if s € sSs.

Proof. Suppose that B(s) = sSs. Then s € B(s) C sSs.
Conversely, we assume that s € sSs. It is clear that sSs
is a bi-ideal of S. Therefore, B(s) € sSs. The reverse

inclusion is obtained directly from Lemma 2.2. Thus
B(s) = sSs.

Lemma 2.4. Let s be an element of a semigroup S. Then
B(s)SB(s) = sSs.

Proof. This follows by

sSs € B(s)SB(s)
= ({s,s%2} U sSs)S({s, s2} U sSs)
= sSs.

Lemma 2.5. Let S and T be any two semigroups, and

lets € S,t € T. Then

B((s,t)) = {(s,t), (s, t)?} U (sSs x tTt).
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Proof. This follows by

B((s,1)) ={(s,0),(5,©)2}U (5, )(S X T)(s,©)
={(s,t),(s,t)?} U (sSs X tTt).

Lemma 2.6. Let S and T be any two semigroups, and let

s €S,t € T.Then B((s,t)) € B(s) x B(t).

Proof. This follows by Lemma 2.5.

Theorem 2.7. Let S and T be any two semigroups, and
let s € S,t € T. Then B((s,t)) = B(s) x B(t) if and
only if at least one of the following conditions holds:

(1) sSs ={s}
(2) tTt = {t}.

(3) sesSsandt € tTt.

Proof. Assume first that B((s, t)) = B(s) x B(t). If
s &sSs, then s#s* for all ke€{23,..}. Since

B((s, t)) = B(s) X B(t), we obtain

{s} x tTt = {(s,t)}.

Therefore, tTt = {t}. Similarly, if t & tTt, then sSs =
{s}. Conversely, we assume that (1),(2) or (3) holds.
Case 1: sSs = {s}. Then, by Lemma 2.3, B(s) =

sSs = {s}. By Lemma 2.2,

B(s) x B(t) = {s} X B(t)
={(s,t),(s,t?)} U ({s} x tTt)
={(s,t), (s%,t?)} U (sSs x tTt)
= {(s,t),(s,£)?} U (s5s x tTt)
= B’((s, t))

Case 2: tTt = {t}. We proceed similarly Case 1.
Case 3: s € sSs and t € tTt. Then, by Lemma 2.3,
B(s) X B(t) = sSs X tTt. By Lemma 2.6 and Lemma

2.3,

B((s,t)) € B(s) X B(t)
= sSs X tTt

c B((s, t)).
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Therefore, B((s, t)) = B(s) x B(t).

The direct product of B-classes

In the above section, we characterize the direct
product of two principal bi-ideals. Now, we move to
some equivalence class in S X T. First, we consider a
relation B, which is defied by Kapp (1969), on any
semigroup S by fora, b € S,

aBb if B(a) = B(b).

It is clear that B is an equivalence relation on S. We let

B, be an B-class of S containing x for every x € S.

Lemma 3.1. Let s be an element of a semigroup S. If

B; N sSs # @, then B; C sSs.

Proof. Suppose that B; N sSs # @. Then there exists

u € B; N sSs. Thus

s € B(s)
= B(u)
C B(sSs)
= sSs.

By Lemma 2.3, B(s) = sSs. Let v € B,. Then

v € B(v)
= B(s)
= sSs.

Therefore, Bg € sSs.

Lemma 3.2. Let s be an element of a semigroup S. If

the cadinality |Bs| > 1, then By € sSs.

Proof. Assume that |B;| > 1. Then there exists u € B,

such that u # s. We have

u € B(u)
= B(s)
= {s,5%} U sSs.

Now, we have two cases to be considered:

Case 1: u € sSs. Then B, N sSs #+ @. By Lemma 3.1,

B, € sSs.
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Case 2: u = s2. Then s € B(u) = B(s?). This leads

to s € sSs and B; N sSs # @. By Lemma 3.1, B; €
sSs.

From both cases, we obtain B; € sSs.

Theorem 3.3. Let S and T be any two semigroups, and
lets € S,t € T. Then the following conditions holds:
(1) B € Bs X B,.
(2) If B(syy © Bs X By, then B X B, is the union

of at least two B-classesin S X T.

Proof. To prove (1), let (u, v) € B(s . Then

B(u,v) = B(s,t).
Since
B(s) = B((s, t))ns = B((u, v))ns = B(u)
and
B(t) = B((s,t))nr = B((u, V))”T = B(v),

we have (u,v) € By X B;.
To prove (2), suppose that B,y C By X B,. We let

(u, 17) € (BS X Bt) \ B(S,t)' Then

B(u) = B(s) and B(v) = B(t).

Thus B,y € B, X B, = B; X B,. Hence, B(s ) and

By ) are different classes of S X T contained in Bg X
B,.

The National and International Graduate Research Conference 2016

Corollary 3.4. Let S and T be any two semigroups, and

lets € S,t € T.If B; = {s} and B, = {t}, then

B(s,t) = B; X B, = {(S; t)}

Theorem 3.5. Let S and T be any two semigroups, and
lets € S,t €T. Then B; X B, = B, if and only if at
least one of the following conditions holds:

(1) By ={s}and B, = {t}.
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(2) s€sSs and t € tTt.

Proof. Assume that B; X B, = B(sy). If |[Bis )| = 1,
then Bs X Bt = B(s,t) = {(S, t)}
Therefore, B; = {s} and B, = {t}. If | B(s | > 1, it

follows by Lemma 3.2 that

(S, t) € B(s,t)
C (s, )(SXT)(s,t)
= sS5s X tTt.

Thus s € sSsand t € tTt.
Conversely, suppose that (1) or (2) holds. If (1) holds,

then, it is obtained by Corollary 3.4 that

B(s,t) = Bs X Bt'

Finally, we consider when (2) holds. By Theorem 2.7,

we have

B(s,t) = B(s) X B(t).
Since B(s¢) € Bs X B, we remain to prove that

By X B, € Bgy.

Let (u,v) € By X B,. If (u, v) = (s, t), then we have
immediately that (u, v) € B(s ). Now, suppose that
(u, v) # (s, t). Then we have two cases to be
considered:

Case 1: If u # s, then we have, by Lemma 3.2, u €
B,, € uSu because s,u € B; = B,,.

a) If v = t, then v € vTv. By Theorem 2.7,

B((u, v)) = B(u) X B(v)
= B(s) X B(t)
= B((s, t)).
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Thus (u,v) € B(s,t)'
L) Ifv #t,thenv € B, € vTv by Lemma 3.2.

As @), we have (u, v) € B and thus

Bs X Bt = B(s,t)'

Case 2: Ifu = s and v # t, then we prove
analogously as case @).

This completes the proof.

Corollary 3.6. Let S and T be any two semigroups, and

lets € S,t € T.If|Bg| > 1 and |B;| > 1, then

B(s,t) = BS X Bt‘

Corollary 3.7. Let S and T be any two semigroups, and
lets € S,t € T.If Bg X B, is the union of at least two
B-classes, then (|Bg| > 1 and B, = {t}) or (B; = {s}
and |B,| > 1).

Theorem 3.8. Let S and T be any two semigroups, and
lets € S,t € T. Then By X B, is the union of at least

two B-classes if and only if either

|Bg| > 1,B, = {t},t ¢ tTt
or
|B¢| > 1, B, = {s},s & sSs.

Proof. Assume that B; X B; is the union of at least two
classes. By above Corollary, it follows that (|By| >
1and B, = {t}) or (B; = {s}and |B,| > 1).
Case 1: |Bg| > 1,B, = {t}. Then t & tTt because
otherwise, s € sSs and t € tTt imply By X By = B(sy).
Case 2: |B;| > 1, B; = {s}. This can be proved
analogously, and hence s & sSs.

Conversely, it is sufficient to consider the case
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|B,| > 1,B, = {t},t ¢ tTt.
Let u € B, such thatu # s. Then (u,t) € By X B;.

Since t € tTt, we have (s,t) & sSs X tTt.

By Lemma 3.2,

(u,t) € {(s,£)} = B(sp)-

Thus Bg X B; contains at least two B-classes including

B(s,t) and B(u,t) .

The maximal B-classes in § X T

In the previous sections, we can see that the
properties s € sSs,t € tTt are used to prove many
theorem of this article. In the final section, we consider
the maximality of B-class in § X T such that element

s € Sand t € T have a property (s,t) € sSs X tTt.

Definition 4.1. Let s be an element of a semigroup S. A
B-class B is maximal if there is no element u € S such
that B(s) c B(u).

Lemma 4.2. Let S and T be any two semigroups, and
lets € S,t € T be such that (s,t) € sSs X tTt. Then
foreach u € S,v €T, B((s, t)) c B((u, v)) if an only
if B(s) € B(u) and B(t) € B(v).

Proof. Assume that B ((s, t)) c B((u, v)). Then

B(s) = B((s, t))T[S
c B((u, v))ns
= B(u)
and

B(t) = B((s, t))r[T
c B((u, U))?TT
= B(v).

Hence B(s) € B(u) and B(t) € B(v).
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Conversely, assume that B(s) € B(u) and B(t) <
B(v). Since (s,t) € sSs X tTt, it follows by Theorem

2.7 and Lemma 2.3 that

B((s,t)) = B(s) X B(t) = sSs x tTt.
Thus

B((s, t)) = sSs X tTt
€ B(u)SB(u) X B(w)TB(v)
= uSu X vSv
< B((u,v)).

Theorem 4.3. Let S and T be any two semigroups, and
lets € S,t € T such that (s, t) € sSs X tTt. Then By,
is a maximal B-class in S X T if and only if By and

B.are maximal B-classes in S and in T, respectively.

Proof. Suppose that B(s ;) is a maximal B-classin § X T.
If B is not maximal B-class in S, then there exists u €

S such that B(s) © B(u). By Lemma 4.2, we have

B((s, t)) c B((u, t)).
But
(u,t) € B(s) x B(t) = B((s, t)).

Thus B((s, t)) c B((u, t)), a contradiction. Therefore,
B, is a maximal B-class in S. Similarly, we can prove
that B, is a maximal B-class in T. Conversely, we
assume that By and B,are maximal B-classes in S and in
T, respectively. If B(, ) is not maximal, then there exists

(u,v) € S X T such that B((s, t)) © B((w,v)). Thus

B(s) X B(t) = B((s, 1))
c B((u, v))
€ B(u) X B(v),

a contradiction. Hence B 1)is a maximal B-class of § X T
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Conclusion

Although the direct product of the principal bi-
ideals of S and T is not the principal bi-ideal on § X T in
general, but we can determine the properties of
generators to affect equality of them. At the same time,
these properties affect the direct product of B-classes of
S and T. Moreover, these properties preserve an

inclusion of maximal B-class as well.

Acknowledgements
This work has been supported by the Centre of
Excellence in Mathematics, the Commission on Higher

Education, Thailand.

References

Frabici, I. On Semiprime Ideals in Direct Product of
Semigroups. Matematicky Casopis 1968; 18:
201-203.

Frabici, I. One-sided Principal Ideals in The Direct
Product of Two Semigroups. Mathematica
Bohemica 1993; 118(4): 337-342.

Good, R. A. and Hughes, D. R. Associated Groups for a
Semigroup. Bulletin of the American
Mathematical Society 1952; 58: 624-625.

Howie, J. M. Fundamentals of Semigroup Theory. New
York: Oxford University Press Incorporation;
1995.

Kapp, K. M. On Bi-ideals and Quasi-ideals in
Semigroups. Publicationes Mathematicae
Debrecen 1969; 16: 179-185.

Lajos, S. Generalized Ideals in Semigroups. Acta
Scientiarum Mathematicarum 1961; 22: 217-222.

Tilidetzke, R. A Characterization of 0-minimal (m,n)-
ideals. Czechoslovak Mathematical Journal

1981; 31(1): 48-52.


https://eudml.org/journal/10038
http://www.math.klte.hu/publi/



