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ABSTRACT  
 In this paper, we characterize regular and intra-regular ordered semirings by their ordered quasi-ideals. 
Moreover, we show that an ordered semiring 𝑆 is regular and intra-regular if and only if 𝑄 = (Σ𝑄2] for every 
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Introduction 
 The notion of a quasi-ideal was defined by 
Steinfeld (1953) for rings and semigroups. Then 
Steinfeld investigated general properties of quasi-
ideals for rings and semigroups. Iseki (1958) 
introduced this concept for semirings without zero and 
studied some properties. Dönges (1994) studied quasi-
ideals of a semiring with zero, studied connections 
between left (right) ideals, bi-ideals and quasi-ideals 
and characterized regular semirings using their quasi-
ideals. Later, Shabir, Ali and Batool (2004) 
characterized regular, intra-regular semirings and 
regular duo-semirings using quasi-ideals. The notion 
of an ordered semiring was introduced by Gan and 
Jiang (2011) as a semiring with a partially order 
relation on the semiring such that the relation is 
compatible to the operations of the semiring. In the 
paper, the concept of a left (right) ordered ideal,           
a minimal ordered ideal and a maximal ordered ideal 
were defined. Then Mandal (2014) studied fuzzy 
ideals in an ordered semiring with the least element 
zero and gave a characterization of regular ordered 
semirings by their fuzzy ideals. Palakawong na 
Ayutthaya and Pibaljommee (in press) introduced the 
notion of ordered quasi-ideals of ordered semiring, 
investigated some properties of ordered quasi-ideals, 
studied connections between left (right) ordered ideals, 
ordered bi-ideals and ordered quasi-ideals and 
characterized regular ordered semirings and regular 
duo-semiring using their ordered quasi-ideals.  
 In this paper, we continue our work 
(Palakawong na Ayutthaya, Pibaljommee, in press), 
and give some more characterizations of regular 
ordered semirings by ordered quasi-ideals. Moreover, 
we characterize intra-regular ordered semirings and 

ordered semirings which are both regular and intra-
regular using their ordered quasi-ideals.  

  
Preliminaries 
 An ordered semiring is a system (𝑆, +,⋅, ≤) 

consisting of a nonempty set 𝑆, two binary operations 
+, ⋅ on 𝑆 and a binary order relation on 𝑆 such that 
(𝑆, +,⋅) is a semiring, (𝑆, ≤) is a patially ordered set 
and for any 𝑎, 𝑏, 𝑥 ∈ 𝑆 the following conditions are 
satisfied: 
  (i) if 𝑎 ≤ 𝑏 then 𝑎 + 𝑥 ≤ 𝑏 + 𝑥 and 𝑥 + 𝑎 ≤ 𝑥 + 𝑏, 
  (ii) if 𝑎 ≤ 𝑏 then 𝑎𝑥 ≤ 𝑏𝑥 and 𝑥𝑎 ≤ 𝑥𝑏. 
 An ordered semiring 𝑆 is said to be 
additively commutative if 𝑎 + 𝑏 = 𝑏 + 𝑎 for all 𝑎, 𝑏 ∈

𝑆. An element 0 ∈ 𝑆 is said to be an absorbing zero if 
0𝑎 = 0 = 𝑎0 and 𝑎 + 0 = 𝑎 = 0 + 𝑎 for all 𝑎 ∈ 𝑆.      
 In this paper, we assume that 𝑆 is an 
additively commutative ordered semiring with an 
absorbing zero 0.  
For any subsets 𝐴, 𝐵 of 𝑆 and 𝑎 ∈ 𝑆, we denote 
  (𝐴] = { 𝑥 ∈ 𝑆 ∣ 𝑥 ≤ 𝑎, ∃𝑎 ∈ 𝑆 }, 
 𝐴𝐵 = { 𝑎𝑏 ∈ 𝑆 ∣ 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵 }, 
 Σ𝐴  = { ∑ 𝑎𝑖𝑖∈𝐼 ∈ 𝑆 ∣ 𝑎𝑖 ∈ 𝐴  and 𝐼 is a finite 
      subset of  ℕ },    
 Σ𝐴𝐵= { ∑ 𝑎𝑖𝑖∈𝐼 𝑏𝑖 ∣ 𝑎𝑖 ∈ 𝐴, 𝑏𝑖 ∈ 𝐵 and 𝐼 is                      
            a finite subset of  ℕ } and 
 ℕ𝑎 = Σ{𝑎}. 
  We note that for any 𝐴 ⊆ 𝑆, Σ𝐴 = 𝐴 if and 
only if 𝐴 + 𝐴 ⊆ 𝐴. 
  A nonempty subset 𝐴 of 𝑆 is said to be a left 
(right) ordered ideal of 𝑆 if 𝑆𝐴 ⊆ 𝐴 (𝐴𝑆 ⊆ 𝐴) and 
𝐴 = (𝐴]. If 𝐴 is both a left ordered ideal and a right 
ordered ideal of 𝑆 then we call 𝐴 an ordered ideal of 
𝑆. An ordered quasi-ideal of S is a nonempty subset 𝑄 
of 𝑆 such that 𝑄 + 𝑄 ⊆ 𝑄, (Σ𝑆𝑄] ∩ (Σ𝑄𝑆] ⊆ 𝑄 and 
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𝑄 = (𝑄]. An ordered bi-ideal of 𝑆 is a nonempty 
subset 𝐵 of 𝑆 such that 𝐵 + 𝐵 ⊆ 𝐵, Σ𝐵𝑆𝐵 ⊆ 𝐵 and 
𝐵 = (𝐵]. An ordered interior-ideal of 𝑆 is a nonempty 
subset 𝐼 of 𝑆 such that 𝐼 + 𝐼 ⊆ 𝐼, Σ𝑆𝐼𝑆 ⊆ I and 𝐼 =

(𝐼]. We note that 
(i) every ordered ideal is an ordered quasi-ideal, 

ordered bi-ideal and ordered interior-ideal, 
(ii) every ordered quasi-ideal is an ordered bi-

ideal 
  Let 𝐴 be a nonempty subset of 𝑆. We denote 
𝐿(𝐴), 𝑅(𝐴), 𝐼(𝐴) and 𝑄(𝐴) as the smallest left 
ordered ideal, right ordered ideal, ordered ideal and 
ordered quasi-ideal of 𝑆 containing 𝐴, respectively. 
Now, we describe the constructions of 𝐿(𝐴),

𝑅(𝐴), 𝐼(𝐴) and 𝑄(𝐴) proved by Palakawong na 
Ayutthaya and Pibaljommee (in press) as follows; 
 𝐿(𝐴) = (Σ𝐴 + Σ𝑆𝐴], 𝑅(𝐴) = (Σ𝐴 + Σ𝐴𝑆], 

 𝐼(𝐴) = (Σ𝐴 + Σ𝑆𝐴 + Σ𝐴𝑆 + Σ𝑆𝐴𝑆] and 
 𝑄(𝐴) = (Σ𝐴 + ((Σ𝑆𝐴] ∩ (Σ𝐴𝑆])]. 

  An element 𝑒 of 𝑆 is said to be an identity if 
𝑎𝑒 = 𝑎 = 𝑒𝑎 for any 𝑎 ∈ 𝑆. If 𝑆 has an identity then 
𝐿(𝐴) = (Σ𝑆𝐴], 𝑅(𝐴) = (Σ𝐴𝑆], 𝐼(𝐴) = (Σ𝑆𝐴𝑆] and 
𝑄(𝐴) = (Σ𝑆𝐴] ∩ (Σ𝐴𝑆] for any subset 𝐴 of 𝑆. 
  Now, we recall the properties of finite sums 
and the operator ( ] on an ordered semiring 
(Palakawong na Ayutthaya, Pibaljommee, in press). 
Remark 1.1. For any subsets 𝐴, 𝐵 of an ordered 
semiring 𝑆, then the following statements hold. 

(i) Σ(𝐴] ⊆ (Σ𝐴].  

(ii) Σ(Σ𝐴) = Σ𝐴. 

(iii) 𝐴(Σ𝐵) ⊆ Σ𝐴𝐵 and (Σ𝐴)𝐵 ⊆ Σ𝐴𝐵. 
(iv) Σ(𝐴Σ𝐵) ⊆ Σ𝐴𝐵 and Σ(Σ𝐴)𝐵 ⊆ Σ𝐴𝐵. 
(v) Σ(𝐴 + 𝐵) = Σ𝐴 + Σ𝐵. 

Remark 1.2. Let 𝐴, 𝐵, 𝐶 be subsets of an ordered 
semiring 𝑆. Then the following statements hold. 

(i) 𝐴 ⊆ (𝐴] and ((𝐴]] = (𝐴]. 

(ii) If 𝐴 ⊆ 𝐵 than (𝐴] ⊆ (𝐵]. 
(iii) 𝐴(𝐵] ⊆ (𝐴](𝐵] ⊆ (𝐴𝐵] and  
           (𝐴]𝐵 ⊆ (𝐴](𝐵] ⊆ (𝐴𝐵]. 
(iv) 𝐴 + (𝐵] ⊆ (𝐴] + (𝐵] ⊆ (𝐴 + 𝐵] and (𝐴] +

𝐵 ⊆ (𝐴] + (𝐵] ⊆ (𝐴 + 𝐵]. 
(v) 𝐴(𝐵 + 𝐶] ⊆ (𝐴𝐵 + 𝐴𝐶] and                            

(𝐴 + 𝐵]𝐶 ⊆  (𝐴𝐶 + 𝐵𝐶]. 
(vi) (𝐴 ∪ 𝐵] = (𝐴] ∪ (𝐵]. 
(vii) (A ∩ B] ⊆ (A] ∩ (B]  

(equality holds if (𝐴] = 𝐴 and (𝐵] = 𝐵). 
 An ordered semiring 𝑆 is said to be regular if 
𝐴 ⊆ (Σ𝐴𝑆𝐴] for any 𝐴 ⊆ 𝑆 and 𝑆 is said to be left 
(right) regular if 𝐴 ⊆ (Σ𝑆𝐴2] (𝐴 ⊆ (Σ𝐴2𝑆]) for any 
𝐴 ⊆ 𝑆. A nonempty subset 𝑇 of 𝑆 is said to be 
semiprime if 𝐴2 ⊆ 𝑇 then 𝐴 ⊆ 𝑇 for any 𝐴 ⊆ 𝑆. 
 For any nonempty subset 𝐴 of 𝑆, we denote 
𝐵(𝐴) as the smallest ordered bi-ideal of 𝑆 containing 
𝐴. Now, we describe the construction of the smallest 
ordered bi-ideal of 𝑆 containing a subset 𝐴 of 𝑆 as 
follows. 
Lemma 1.3. Let 𝐴 be a nonempty subset of 𝑆. Then 
𝐵(𝐴) = (Σ𝐴 + Σ𝐴𝑆𝐴]. 
Proof. Let 𝑎 ∈ 𝐴. Since 𝑆 has an absorbing zero, 𝑎 =

𝑎 + 0 ∈ Σ𝐴 + Σ𝐴𝑆𝐴. Thus  𝐴 ⊆ Σ𝐴 + Σ𝐴𝑆𝐴 ⊆

(Σ𝐴 + Σ𝐴𝑆𝐴]. Let 𝑥, 𝑦 ∈ (Σ𝐴 + Σ𝐴𝑆𝐴]. Then 𝑥 ≤ 𝑥′ 
and 𝑦 ≤ 𝑦′ for some 𝑥′, 𝑦′ ∈ Σ𝐴 + Σ𝐴𝑆𝐴. It is clear 
that 𝑥′ + 𝑦′ ∈ Σ𝐴 + Σ𝐴𝑆𝐴. This implies that 𝑥 + 𝑦 ≤

𝑥′ + 𝑦′ ∈ Σ𝐴 + Σ𝐴𝑆𝐴. So, 𝑥 + 𝑦 ∈ (Σ𝐴 + Σ𝐴𝑆𝐴]. 
By Remark 1.1 and Remark 1.2, we have  
(Σ𝐴 + Σ𝐴𝑆𝐴]𝑆(Σ𝐴 + Σ𝐴𝑆𝐴]. 
⊆ (Σ𝐴𝑆 + Σ𝐴𝑆𝐴𝑆](Σ𝐴 + Σ𝐴𝑆𝐴]. 

⊆ ((Σ𝐴𝑆)(Σ𝐴 + Σ𝐴𝑆𝐴) + (Σ𝐴𝑆𝐴𝑆)(Σ𝐴 + Σ𝐴𝑆𝐴)]. 
⊆ (Σ(𝐴𝑆(Σ𝐴 + Σ𝐴𝑆𝐴)) + Σ(𝐴𝑆𝐴𝑆(Σ𝐴 + Σ𝐴𝑆𝐴))]. 
⊆ (Σ(Σ𝐴𝑆𝐴 + Σ𝐴𝑆𝐴) + Σ(Σ𝐴𝑆𝐴 + Σ𝐴𝑆𝐴)]. 
= (Σ(Σ𝐴𝑆𝐴) + Σ(Σ𝐴𝑆𝐴)]. 

= (Σ𝐴𝑆𝐴] ⊆ (Σ𝐴 + Σ𝐴𝑆𝐴]. 
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Since ((Σ𝐴 + Σ𝐴𝑆𝐴]] = (Σ𝐴 + Σ𝐴𝑆𝐴], (Σ𝐴 + Σ𝐴𝑆𝐴] 
is an ordered bi-ideal of 𝑆. Let 𝐵 be an ordered bi-
ideal of 𝑆 containing 𝐴. Then Σ𝐴 ⊆ 𝐵 and Σ𝐴𝑆𝐴 ⊆

Σ𝐵𝑆𝐵 ⊆ 𝐵. Hence, Σ𝐴 + Σ𝐴𝑆𝐴 ⊆ 𝐵 and so (Σ𝐴 +

Σ𝐴𝑆𝐴] ⊆ (𝐵] = 𝐵. Therefore, (Σ𝐴 + Σ𝐴𝑆𝐴] is the 
smallest ordered bi-ideal of 𝑆 containing 𝐴.               □ 
 

Regular ordered semiring 
 Palakawong na Ayutthaya and Pibaljommee 
(in press) gave some characterizations of regular 
ordered semirings by right ordered ideals, left ordered 
ideals and ordered quasi-ideals. Now, we give some 
more characterizations of regular ordered semirings by 
ordered quasi-ideals. To obtain these characterizations, 
we use three lemmas proved in (Palakawong na 
Ayutthaya, Pibaljommee, in press). 
Lemma 2.1. Let 𝑆 be an ordered semiring and ∅ ≠

𝐴 ⊆ 𝑆. If 𝐴 ⊆ (Σ𝐴2 + Σ𝐴𝑆𝐴] then Σ𝐴2 ⊆ (Σ𝐴𝑆𝐴]. 
Lemma 2.2. Let 𝑆 be an ordered semiring. Then the 
following conditions are equivalent. 

(i) 𝑆 is regular. 
(ii) (Σ𝑅𝐿] = 𝑅 ∩  𝐿 for every right ordered ideal 

𝑅 and left ordered ideal 𝐿 of 𝑆. 
(iii) 𝐵 = (Σ𝐵𝑆𝐵] for each ordered bi-ideal 𝐵 of 𝑆. 
(iv) 𝑄 = (Σ𝑄𝑆𝑄] for each ordered quasi-ideal    

𝑄 of 𝑆. 
Lemma 2.3. Let 𝑆 be a regular ordered semiring. Then 
ordered bi-ideals and ordered quasi-ideals coincide in 𝑆. 
Theorem 2.4. Let 𝑆 be an ordered semiring. Then the 
following conditions are equivalent. 

(i) 𝑆 is regular. 
(ii) 𝑄 ∩ 𝐽 = (Σ𝑄𝐽𝑄] for every ordered quasi-

ideal 𝑄 and every ordered ideal 𝐽 of 𝑆. 

(iii) 𝑄 ∩ 𝐼 = (Σ𝑄𝐼𝑄] for every ordered quasi-
ideal 𝑄 and every ordered interior-ideal 𝐼 of 
𝑆. 

Proof. (iii) ⇒ (ii) is clear, since every ordered ideal is 
ordered interior-ideal. 
 (ii) ⇒ (i): By assumption, we have 𝑄 = 𝑄 ∩  𝑆 =

(Σ𝑄𝑆𝑄]. By Lemma 2.2, 𝑆 is regular. 
 (i) ⇒ (iii): Let 𝑄 be an ordered quasi-ideal and 𝐼 
be an ordered interior-ideal of 𝑆. Then Σ𝑄𝐼𝑄 ⊆

Σ𝑄𝑆𝑄 ⊆ (Σ𝑆𝑄] ∩ (Σ𝑄𝑆] ⊆ 𝑄 and  Σ𝑄𝐼𝑄 ⊆ 𝐼. So, 
Σ𝑄𝐼𝑄 ⊆ 𝑄 ∩ 𝐼. It follows that 

(Σ𝑄𝐼𝑄] ⊆ (𝑄 ∩ 𝐼] = (𝑄] ∩ (𝐼] = 𝑄 ∩ 𝐼. 
 Let 𝑎 ∈ 𝑄 ∩ 𝐼. Since 𝑆 is regular, there exists 𝑥 ∈

𝑆 such that 𝑎 ≤ 𝑎𝑥𝑎 ≤ 𝑎𝑥𝑎𝑥𝑎 ∈ 𝑄𝑆𝐼𝑆𝑄 ⊆ 𝑄𝐼𝑄 ⊆

Σ𝑄𝐼𝑄. Hence, 𝑄 ∩ 𝐼 ⊆ (Σ𝑄𝐼𝑄]. Therefore, 𝑄 ∩ 𝐼 =

(Σ𝑄𝐼𝑄].                                                 Theorem 
2.5. Let 𝑆 be an ordered semiring. Then 𝑆 is regular if 
and only if 𝑄 ∩ 𝐿 ⊆ (Σ𝑄𝐿] for every ordered quasi-ideal 
𝑄 and every left ordered ideal 𝐿 of 𝑆.  
Proof. Let 𝑆 be regular, 𝑄 be an ordered quasi-ideal 
and 𝐿 be a left ordered ideal of 𝑆. Let 𝑎 ∈ 𝑄 ∩ 𝐿. Then 
there exists 𝑥 ∈ 𝑆 such that 𝑎 ≤ 𝑎𝑥𝑎 ∈ 𝑄𝑆𝐿 ⊆ 𝑄𝐿.   
It follows that 𝑄 ∩ 𝐿 ⊆ (𝑄𝐿] ⊆ (Σ𝑄𝐿]. 
  Conversely, let 𝐴 ⊆ 𝑆. By assumption, we 
have 𝐴 ⊆ 𝑄(𝐴) ∩ 𝐿(𝐴) ⊆ (Σ𝑄(𝐴)𝐿(𝐴)]. By Remark 
1.1, Remark 1.2 and Lemma 2.1, we have 
   𝐴 ⊆ (Σ𝑄(𝐴)𝐿(𝐴)]   
    = ((Σ𝐴 + ((Σ𝑆𝐴] ∩ (Σ𝐴𝑆])) (Σ𝐴 + Σ𝑆𝐴]]  
   ⊆ ((Σ𝐴 + Σ𝐴𝑆](Σ𝐴 + Σ𝑆𝐴]]  
     ⊆ ((Σ𝐴 + Σ𝐴𝑆)(Σ𝐴 + Σ𝑆𝐴)] 
     ⊆ (Σ𝐴(Σ𝐴 + Σ𝑆𝐴) + Σ𝐴𝑆(Σ𝐴 + Σ𝑆𝐴)] 
    ⊆ (Σ𝐴2 + Σ𝐴𝑆𝐴 + Σ𝐴𝑆𝐴 + Σ𝐴𝑆𝑆𝐴] 
    ⊆ (Σ𝐴2 + Σ𝐴𝑆𝐴] 
    ⊆ ((Σ𝐴𝑆𝐴] + Σ𝐴𝑆𝐴] 
     ⊆ (Σ𝐴𝑆𝐴]. 

Therefore, 𝑆 is regular.                                                
  As the duality of Theorem 2.5, we have the 
following theorem.  
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Theorem 2.6. Let 𝑆 be an ordered semiring. Then 𝑆 is 
regular if and only if  𝑄 ∩ 𝑅 ⊆ (Σ𝑅𝑄] for every 
ordered quasi-ideal 𝑄 and every right ordered ideal 𝑅 
of 𝑆.  
Theorem 2.7. Let 𝑆 be an ordered semiring. Then 𝑆 is 
regular if and only if 𝑅 ∩ 𝑄 ∩ 𝐿 ⊆ (Σ𝑅𝑄𝐿] for every 
right ordered ideal 𝑅, every ordered quasi-ideal 𝑄 and 
every left ordered ideal 𝐿 of 𝑆.  
Proof. Let 𝑆 be regular, 𝑄 be an ordered quasi-ideal, 𝑅 
be a right ordered ideal and 𝐿 be a left ordered ideal of 
𝑆. Let 𝑎 ∈ 𝑅 ∩ 𝑄 ∩ 𝐿. Then there exists 𝑥 ∈ 𝑆 such 
that 𝑎 ≤ 𝑎𝑥𝑎 ≤ 𝑎𝑥𝑎𝑥𝑎 ∈ 𝑅𝑆𝑄𝑆𝐿 ⊆ 𝑅𝑄𝐿. It follows 
that 𝑅 ∩ 𝑄 ∩ 𝐿 ⊆ (𝑅𝑄𝐿] ⊆ (Σ𝑅𝑄𝐿]. 
  Conversely, let 𝑅 be a right ordered ideal 
and 𝐿 be a left ordered ideal of 𝑆. Then 𝑅 ∩ 𝐿 is an 
ordered quasi-ideal of 𝑆 (Palakawong na Ayutthaya, 
Pibaljommee, in press). By assumption, we obtain 𝑅 ∩

𝐿 = 𝑅 ∩ (𝑅 ∩ 𝐿) ∩ 𝐿 ⊆ (𝑅(𝑅 ∩ 𝐿)𝐿] ⊆ (𝑅𝐿] ⊆

(Σ𝑅𝑄𝐿]. By Lemma 2.2, 𝑆 is regular.                        □ 
 

Intra-regular ordered semiring. 
  In this section, we characterize intra-regular 
ordered semirings using ordered quasi-ideals. 
Definition 3.1. Let 𝑆 be an ordered semiring. An 
element 𝑎 ∈ 𝑆 is said to be intra-regular if there exist 
𝑥, 𝑦 ∈ 𝑆 such that 𝑎 ≤ 𝑥𝑎2𝑦. If every element 𝑎 ∈ 𝑆 
is intra-regular then 𝑆 is called intra-regular. 
  It is not difficult to show that 𝑆 is intra-
regular if and only if 𝐴 ⊆ (Σ𝑆𝐴2𝑆]  for any 𝐴 ⊆ 𝑆 
(equivalently, 𝑎 ∈ (Σ𝑆𝑎2𝑆] for any 𝑎 ∈ 𝑆).    
  Kehayopulu (2013) gave an example of an 
intra-regular ordered semigroup which is not left 
regular. We apply this example to construct an 
example of an intra-regular ordered semiring which is 
not regular. 

Example 3.2. Let 𝑆 = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒}. Define a binary 
operation + on 𝑆 by 𝑥 + 𝑦 = 𝑥 for any 𝑥, 𝑦 ∈ 𝑆 and 
define a binary operation ⋅ on 𝑆 by the following table; 
 

⋅ 𝑎 𝑏 𝑐 𝑑 𝑒 
𝑎 𝑎 𝑏 𝑎 𝑎 𝑎 
𝑏 𝑎 𝑏 𝑎 𝑎 𝑎 
𝑐 𝑎 𝑏 𝑎 𝑎 𝑎 
𝑑 𝑎 𝑏 𝑎 𝑎 𝑎 
𝑒 𝑎 𝑏 𝑎 𝑎 𝑒 

 
Then it is easy to show that (𝑆, +,⋅) is a semiring. 
Define a binary relation ≤ on 𝑆 by 
 ≤  = {(𝑎, 𝑎), (𝑏, 𝑏), (𝑐, 𝑐), (𝑑, 𝑑), (𝑒, 𝑒), (𝑎, 𝑏), 

(𝑎, 𝑒), (𝑐, 𝑏), (𝑐, 𝑒), (𝑑, 𝑏), (𝑑, 𝑒)}. 

We give the covering relation “≺” and the figure of 𝑆: 
≺ ∶=  {(𝑎, 𝑏), (𝑎, 𝑒), (𝑐, 𝑏), (𝑐, 𝑒), (𝑑, 𝑏), (𝑑, 𝑒)} 

 
 
 
 
 
Now, (𝑆, +,⋅, ≤) is an ordered semiring which is intra-
regular (Kehayopulu, 2013). It is easy to check that 𝑆 
is not regular, since {𝑐} ⊈ ({𝑐}𝑆{𝑐}]. 
  Now, we give an example of an ordered 
semiring which is both regular and intra-regular. 
Example 3.3. Let 𝑆 = {𝑎, 𝑏, 𝑐}. Define binary 
operations + and ⋅ on 𝑆 by the following tables; 
 
+ 𝑎 𝑏 𝑐 

and 
⋅ 𝑎 𝑏 𝑐 

𝑎 𝑎 𝑏 𝑐 𝑎 𝑎 𝑎 𝑎 
𝑏 𝑏 𝑏 𝑏 𝑏 𝑎 𝑏 𝑐 
𝑐 𝑐 𝑏 𝑐 𝑐 𝑎 𝑐 𝑐 

 
Then (𝑆, +,⋅) is an additively commutative semiring 
with an absorbing zero 𝑎. Define a binary relation ≤ 
on 𝑆 by  

≤ ∶=  {(𝑎, 𝑎), (𝑏, 𝑏), (𝑐, 𝑐), (𝑎, 𝑐), (𝑏, 𝑐)}.  

We give the covering relation “≺” and the figure of 𝑆: 
≺ ∶=  {(𝑎, 𝑐), (𝑏, 𝑐)} 

𝑒 𝑏 

𝑐 𝑎 𝑑 
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𝑐 

𝑎 𝑏 

 
 
 
 
 
Now, (𝑆, +,⋅, ≤) is an ordered semiring which is 
regular and intra-regular. 
Theorem 3.4. Let 𝑆 be an ordered semiring. Then 𝑆 is 
intra-regular if and only if 𝐿 ∩ 𝑅 ⊆ (Σ𝐿𝑅] for every left 
ordered ideal 𝐿 and every right ordered ideal 𝑅 of 𝑆.  
Proof. Let 𝑆 be intra-regular and let 𝐿 and 𝑅 be a left 
ordered ideal and a right ordered ideal of 𝑆, 
respectively. Let 𝑎 ∈ 𝐿 ∩ 𝑅. Then there exist 𝑥, 𝑦 ∈ 𝑆 

such that 𝑎 ≤ 𝑥𝑎2𝑦 = 𝑥𝑎𝑎𝑦 ∈ 𝑆𝐿𝑅𝑆 ⊆ 𝐿𝑅. So,  𝐿 ∩

𝑅 ⊆ (𝐿𝑅] ⊆ (Σ𝐿𝑅]. 
  Conversely, let 𝐴 ⊆ 𝑆. By assumption, we 
have 𝐴 ⊆ 𝐿(𝐴) ∩ 𝑅(𝐴) ⊆ (Σ𝐿(𝐴)𝑅(𝐴)]. By Remark 
1.1 and Remark 1.2, we have 
 𝐴 ⊆ (Σ𝐿(𝐴)𝑅(𝐴)] = (Σ(Σ𝐴 + Σ𝑆𝐴](Σ𝐴 + Σ𝐴𝑆]] 
       ⊆ (Σ((Σ𝐴 + Σ𝑆𝐴)(Σ𝐴 + Σ𝐴𝑆))] 
     ⊆ (Σ(Σ𝐴(Σ𝐴 + Σ𝐴𝑆) + Σ𝑆𝐴(Σ𝐴 + Σ𝐴𝑆))] 
     ⊆ (Σ(Σ𝐴2 + Σ𝐴2𝑆 + Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆)]  
     ⊆ (Σ𝐴2 + Σ𝐴2𝑆 + Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆].                  (a1) 
By (a1), we have 

Σ𝐴2 = Σ𝐴𝐴 ⊆ Σ𝐴(Σ𝐴2 + Σ𝐴2𝑆 + Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆] 
               ⊆ (Σ𝐴𝐴2 + Σ𝐴𝐴2𝑆 + Σ𝐴𝑆𝐴2 + Σ𝐴𝑆𝐴2𝑆]  
               ⊆ (Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆 + Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆]  
               = (Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆],                                         (a2) 

 Σ𝐴2  = Σ𝐴𝐴 ⊆ Σ(Σ𝐴2 + Σ𝐴2𝑆 + Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆]𝐴 
  ⊆ (Σ𝐴2𝐴 + Σ𝐴2𝑆𝐴 + Σ𝑆𝐴2𝐴 + Σ𝑆𝐴2𝑆𝐴] 

            ⊆ (Σ𝐴2𝑆 + Σ𝐴2𝑆 + Σ𝑆𝐴2𝑆 + Σ𝑆𝐴2𝑆] 
               = (Σ𝐴2𝑆 + Σ𝑆𝐴2𝑆].                                      (a3) 
By (a3), we have  
 Σ𝑆𝐴2 ⊆ Σ𝑆(Σ𝐴2𝑆 + Σ𝑆𝐴2𝑆]  
           ⊆ (Σ𝑆𝐴2𝑆 + Σ𝑆𝑆𝐴2𝑆] 
              ⊆ (Σ𝑆𝐴2𝑆] .                                                           (a4) 
By (a2), we have  
 Σ𝐴2𝑆 ⊆ Σ(Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆]𝑆  
           ⊆ (Σ𝑆𝐴2𝑆 + Σ𝑆𝐴2𝑆𝑆] 
              ⊆ (Σ𝑆𝐴2𝑆].                                                          (a5) 
We consider (a2). By (a4), we get 
 Σ𝐴2 ⊆ (Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆]  

         ⊆ ((Σ𝑆𝐴2𝑆] + Σ𝑆𝐴2𝑆] 
         ⊆ (Σ𝑆𝐴2𝑆].                                              (a6) 
We consider (a1). By (a4), (a5) and (a6), we obtain 
 𝐴 ⊆ (Σ𝐴2 + Σ𝐴2𝑆 + Σ𝑆𝐴2 + Σ𝑆𝐴2𝑆]  
     ⊆ ((Σ𝑆𝐴2𝑆] + (Σ𝑆𝐴2𝑆] + (Σ𝑆𝐴2𝑆] + Σ𝑆𝐴2𝑆] 
      ⊆ (Σ𝑆𝐴2𝑆]. 
Therefore, 𝑆 is intra-regular.                                        
  From the proof of Theorem 3.4, we have the 
following remark. 
Remark 3.5. Let 𝑆 be an ordered semiring and ∅ ≠

𝐴 ⊆ 𝑆. If 𝐴 ⊆ (Σ𝐿(𝐴)𝑅(𝐴)]  then 𝑆 is intra-regular. 
Theorem 3.6. Let 𝑆 be an ordered semiring. Then the 
following conditions are true. 

(i) 𝑆 is intra-regular if and only if 𝐵 ∩ 𝑄 ⊆

(𝑆𝐵𝑄𝑆] for every ordered bi-ideal 𝐵 and 
every ordered quasi-ideal 𝑄 of 𝑆. 

(ii) 𝑆 is intra-regular if and only if 𝐵 ∩ 𝑄 ⊆

(𝑆𝑄𝐵𝑆] for every ordered bi-ideal 𝐵 and 
every ordered quasi-ideal 𝑄 of 𝑆. 

Proof. (i) Let 𝐵 and 𝑄 be an ordered bi-ideal and an 
ordered quasi-ideal of 𝑆, respectively. Let 𝑎 ∈ 𝐵 ∩ 𝑄. 
Since 𝑆 is intra-regular, there exist 𝑥, 𝑦 ∈ 𝑆 such that 
𝑎 ≤ 𝑥𝑎2𝑦 ≤ 𝑥𝑎(𝑥𝑎2𝑦)𝑦 = 𝑥(𝑎𝑥𝑎)𝑎𝑦2 ∈

𝑆𝐵𝑆𝐵𝑄𝑆 ⊆ 𝑆𝐵𝑄𝑆. Therefore, 𝐵 ∩ 𝑄 ⊆ (𝑆𝐵𝑄𝑆]. 
  Conversely, let 𝑎 ∈ 𝑆. By assumption, we 
have 𝑎 ∈ 𝐵(𝑎) ∩ 𝑄(𝑎) ⊆ (𝑆𝐵(𝑎)𝑄(𝑎)𝑆]. By Remark 
1.1 and Remark 1.2, we have that  
     𝑎 ∈ (𝑆𝐵(𝑎)𝑄(𝑎)𝑆] 
  = (𝑆(ℕ𝑎 + 𝑎𝑆𝑎](ℕ𝑎 + ((𝑎𝑆] ∩ (𝑆𝑎])]𝑆] 
 ⊆ ((𝑆𝑎 + 𝑆𝑎𝑆𝑎](ℕ𝑎 + (𝑎𝑆]]𝑆] 

 ⊆ ((𝑆𝑎](𝑎𝑆 + 𝑎𝑆𝑆]]  
 ⊆ ((𝑆𝑎](𝑎𝑆]] ⊆ (𝑆𝑎2𝑆]. 
Therefore, 𝑆 is intra-regular. 
 (ii) can be proved similarly to (i).                        
Theorem 3.7. Let 𝑆 be an ordered semiring. Then 𝑆 is 
intra-regular if and only if 𝐿 ∩ 𝑄 ⊆ (𝐿𝑄𝑆] for every 
ordered quasi-ideal 𝑄 and every left ordered ideal 𝐿 of 𝑆.  
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Proof. Let 𝐿 and 𝑄 be a left ordered ideal and an 
ordered quasi-ideal of 𝑆, respectively. Let 𝑎 ∈ 𝐿 ∩ 𝑄. 
Since 𝑆 is intra-regular, there exist 𝑥, 𝑦 ∈ 𝑆 such that 
𝑎 ≤ 𝑥𝑎2𝑦 ≤ 𝑥(𝑥𝑎2𝑦)𝑎𝑦 = 𝑥2𝑎𝑎𝑦𝑎𝑦 ∈ 𝑆𝐿𝑄𝑆 ⊆

𝐿𝑄𝑆. Therefore, 𝐿 ∩ 𝑄 ⊆ (𝐿𝑄𝑆]. 
  Conversely, let 𝐴 ⊆ 𝑆.  By assumption, we 
have 𝐴 ⊆ 𝐿(𝐴) ∩ 𝑄(𝐴) ⊆ (𝐿(𝐴)𝑄(𝐴)𝑆]. 
By Remark 1.1 and Remark 1.2, we have that  
 𝐴 ⊆ (𝐿(𝐴)𝑄(𝐴)𝑆]  
     = ((Σ𝐴 + Σ𝑆𝐴](Σ𝐴 + ((Σ𝑆𝐴] ∩ (Σ𝐴𝑆])]𝑆] 

     ⊆ ((Σ𝐴 + Σ𝑆𝐴)(Σ𝐴 + Σ𝐴𝑆)𝑆]  
     ⊆ ((Σ𝐴 + Σ𝑆𝐴)(Σ𝐴𝑆 + Σ𝐴𝑆𝑆)]   
     ⊆ ((Σ𝐴 + Σ𝑆𝐴)(Σ𝐴𝑆)] 
     ⊆ (Σ𝐴2𝑆 + Σ𝑆𝐴2𝑆].                                     (b1) 
By (b1), we have  
 Σ𝐴2𝑆 = Σ𝐴𝐴𝑆 ⊆ Σ𝐴(Σ𝐴2𝑆 + Σ𝑆𝐴2𝑆]𝑆 
               ⊆ Σ𝑆(Σ𝐴2𝑆 + Σ𝑆𝐴2𝑆]𝑆 
               ⊆ Σ(Σ𝑆𝐴2𝑆𝑆 + 𝛴𝑆𝑆𝐴2𝑆𝑆]  
               ⊆ Σ(Σ𝑆𝐴2𝑆 + 𝛴𝑆𝐴2𝑆] 

               ⊆ (Σ𝑆𝐴2𝑆].                                            (b2) 
We consider (b1). By (b2), we get  
 𝐴 ⊆ (Σ𝐴2𝑆 + Σ𝑆𝐴2𝑆] 
     ⊆ ((Σ𝑆𝐴2𝑆] + Σ𝑆𝐴2𝑆]  
     ⊆ (Σ𝑆𝐴2𝑆].    
Therefore, 𝑆 is intra-regular.                                        
  As the duality of Theorem 3.7, we have the 
following theorem. 
Theorem 3.8. Let 𝑆 be an ordered semiring. Then 𝑆 is 
intra-regular if and only if 𝑅 ∩ 𝑄 ⊆ (𝑆𝑄𝑅] for every 
ordered quasi-ideal 𝑄 and every right ordered ideal 𝑅 
of 𝑆.   
  As a consequence of Theorem 3.6, Theorem 
3.7 and Theorem 3.8, we obtain the following 
theorem.  
Theorem 3.9. Let 𝑆 be an ordered and let 𝑎 ∈ 𝑆. Then 
the following conditions are equivalent.  

(i) 𝑆 is intra-regular. 
(ii) 𝐵(𝑎) ∩ 𝑄(𝑎) ⊆ (𝑆𝐵(𝑎)𝑄(𝑎)𝑆]. 

(iii) 𝐵(𝑎) ∩ 𝑄(𝑎) ⊆ (𝑆𝑄(𝑎)𝐵(𝑎)𝑆]. 
(iv) 𝐿(𝑎) ∩ 𝑄(𝑎) ⊆ (𝐿(𝑎)𝑄(𝑎)𝑆]. 

(v) 𝑅(𝑎) ∩ 𝑄(𝑎) ⊆ (𝑆𝑄(𝑎)𝑅(𝑎)]. 
  Now, we give some characterizations of 
ordered semiring 𝑆 which is both regular and intra-
regular and show that 𝑄 = (Σ𝑄2] for every ordered 
quasi-ideal 𝑄 of 𝑆. 
Remark 3.10. Let 𝑆 be an ordered semiring. If 𝑆 is 
both regular and intra-regular then for any 𝑎 ∈ 𝑆, 

𝑎 ≤ 𝑎𝑠𝑎2𝑡𝑎    for some 𝑠, 𝑡 ∈ 𝑆. 
Proof. Let 𝑎 ∈ 𝑆. Then there exist 𝑥, 𝑦, 𝑧 ∈ 𝑆 such that                       
          𝑎 ≤ 𝑎𝑥𝑎 ≤ (𝑎𝑥𝑎)𝑥𝑎 
   ≤ 𝑎𝑥(𝑦𝑎2𝑧)𝑥𝑎 

   =  𝑎(𝑥𝑦)𝑎2(𝑧𝑥)𝑎.                 
Theorem 3.11. Let 𝑆 be an ordered semiring. Then 𝑆 
is both regular and intra-regular if and only if 𝑄 =

(Σ𝑄2] for every ordered quasi-ideal 𝑄 of 𝑆.  
Proof. Let 𝑄 be an ordered quasi-ideal of 𝑆. Clearly, 
(Σ𝑄2] ⊆ (Σ𝑄] = 𝑄. Let 𝑞 ∈ 𝑄. By Remark 3.10, we 
have that 𝑞 ≤ 𝑞𝑠𝑞𝑞𝑡𝑞 ∈ (𝑄𝑆𝑄)(𝑄𝑆𝑄) ⊆ 𝑄𝑄 = 𝑄^2  
for some 𝑠, 𝑡 ∈ 𝑆 . Hence, 𝑄 ⊆ (𝑄2] ⊆ (Σ𝑄2].  
  Conversely, assume that 𝑄 = (Σ𝑄2] for 
every ordered quasi-ideal 𝑄 of 𝑆. Let 𝐴 ⊆ 𝑆. By 
assumption, 𝐴 ⊆ 𝑄(𝐴) = (Σ𝑄(𝐴)𝑄(𝐴)]. By Remark 
1.1 and Remark 1.2, we have  
 𝐴 ⊆ (Σ𝑄(𝐴)𝑄(𝐴)] 

      = (Σ((Σ𝐴 + ((Σ𝑆𝐴] ∩ (Σ𝐴𝑆])] 

                      (Σ𝐴 + ((Σ𝑆𝐴] ∩ (Σ𝐴𝑆])] )] 
    ⊆ (Σ((Σ𝐴 + Σ𝑆𝐴](Σ𝐴 + Σ𝐴𝑆])) 

    = (Σ𝐿(𝐴)𝑅(𝐴)]. 

By Remark 3.5, we obtain 𝑆 is intra-regular.  
Next, we consider   
 𝐴 ⊆ (Σ((Σ𝐴 + ((Σ𝑆𝐴] ∩ (Σ𝐴𝑆])] 

                      (Σ𝐴 + ((Σ𝑆𝐴] ∩ (Σ𝐴𝑆])] )] 
       ⊆ (Σ((Σ𝐴 + Σ𝐴𝑆](Σ𝐴 + Σ𝑆𝐴])) 

      ⊆ (Σ((Σ𝐴 + Σ𝐴𝑆)(Σ𝐴 + Σ𝑆𝐴)]] 

      ⊆ (Σ(Σ𝐴(Σ𝐴 + Σ𝑆𝐴) + Σ𝐴𝑆(Σ𝐴 + Σ𝑆𝐴)]] 

      ⊆ (Σ(Σ𝐴2 + Σ𝐴𝑆𝐴 + Σ𝐴𝑆𝐴 + Σ𝐴𝑆𝑆𝐴]] 

      ⊆ (Σ(Σ𝐴2 + Σ𝐴𝑆𝐴]] 

      ⊆ (Σ𝐴2 + Σ𝐴𝑆𝐴] 

By Lemma 2.1, we have Σ𝐴2 ⊆ (Σ𝐴𝑆𝐴]. Then  
 𝐴 ⊆ (Σ𝐴2 + Σ𝐴𝑆𝐴] 
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     ⊆ ((Σ𝐴𝑆𝐴] + Σ𝐴𝑆𝐴]  
     ⊆ (Σ𝐴𝑆𝐴]. 
Hence, 𝑆 is regular. Therefore, 𝑆 is both regular and 
intra-regular.                                                                
Theorem 3.12. Let 𝑆 be an ordered semiring. Then 𝑆 
is both regular and intra-regular if and only if 𝐵 =

(Σ𝐵2] for every ordered bi-ideal 𝐵 of 𝑆.  
Proof.  It is follows from Theorem 3.11 and Lemma 
2.3.                                                                               
 

Conclusion 
  The characterizations of regular and intra-
regular using ordered quasi-ideals are hold in ordered 
semiring. Moreover, an ordered semiring 𝑆 is both 
regular and intra-regular if and only if 𝑄 = (Σ𝑄2] for 
every ordered quasi-ideal 𝑄 of 𝑆. 
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