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Characterizations of Intra-regular Ordered Semirings by Ordered Quasi-ideals
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ABSTRACT
In this paper, we characterize regular and intra-regular ordered semirings by their ordered quasi-ideals.

Moreover, we show that an ordered semiring Sis regular and intra-regular if and only if Q = (ZQ 2] for every
ordered quasi-ideal Q of S.
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Introduction

The notion of a quasi-ideal was defined by
Steinfeld (1953) for rings and semigroups. Then
Steinfeld investigated general properties of quasi-
ideals for rings and semigroups. Iseki (1958)
introduced this concept for semirings without zero and
studied some properties. Donges (1994) studied quasi-
ideals of a semiring with zero, studied connections
between left (right) ideals, bi-ideals and quasi-ideals
and characterized regular semirings using their quasi-
ideals. Later, Shabir, Ali and Batool (2004)
characterized regular, intra-regular semirings and
regular duo-semirings using quasi-ideals. The notion
of an ordered semiring was introduced by Gan and
Jiang (2011) as a semiring with a partially order
relation on the semiring such that the relation is
compatible to the operations of the semiring. In the
paper, the concept of a left (right) ordered ideal,
a minimal ordered ideal and a maximal ordered ideal
were defined. Then Mandal (2014) studied fuzzy
ideals in an ordered semiring with the least element
zero and gave a characterization of regular ordered
semirings by their fuzzy ideals. Palakawong na
Ayutthaya and Pibaljommee (in press) introduced the
notion of ordered quasi-ideals of ordered semiring,
investigated some properties of ordered quasi-ideals,
studied connections between left (right) ordered ideals,
ordered bi-ideals and ordered quasi-ideals and
characterized regular ordered semirings and regular
duo-semiring using their ordered quasi-ideals.

In this paper, we continue our work
(Palakawong na Ayutthaya, Pibaljommee, in press),
and give some more characterizations of regular
ordered semirings by ordered quasi-ideals. Moreover,

we characterize intra-regular ordered semirings and
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ordered semirings which are both regular and intra-

regular using their ordered quasi-ideals.

Preliminaries

An ordered semiring is a system (S, +,-, <)
consisting of a nonempty set S, two binary operations
+, - on S and a binary order relation on S such that
(S, +,") is a semiring, (S, <) is a patially ordered set
and for any a,b,x €S the following conditions are
satisfied:

()ifa<bthena+x<b+xandx+a<x+b,
(i) if a < b then ax < bx and xa < xb.

An ordered semiring S is said to be
additively commutative if a+b =b +a foralla,b €
S. An element 0 € S is said to be an absorbing zero if
Oa=0=a0anda+0=a=0+aforalla €S.

In this paper, we assume that S is an
additively commutative ordered semiring with an
absorbing zero 0.

For any subsets 4, B of S and a € S, we denote

(4] ={x€eSIx<aFa€eS}

AB ={abeS|a€Ab€EB},

YA ={Yie;a; €S |a; €A and] is a finite
subset of N},

YAB={Yc;a; b; | a; € A,b; € Band I is
a finite subset of N } and

Na =x{a}.

We note that for any A € S, ¥A = A if and
onlyifA+Ac A

A nonempty subset A of S is said to be a left
(right) ordered ideal of S if SAC A (AS € A) and
A = (A]. If A is both a left ordered ideal and a right
ordered ideal of S then we call A an ordered ideal of
S. An ordered quasi-ideal of S is a nonempty subset Q

of § such that Q + Q € Q, (ZSQ] N (ZQS] € Q and



The National and International Graduate Research Conference 2016

.
NIGR

KKU-2016

Graduate School, Khon Kaen University, Thailand and
Universitas Muhammadiyah Yogyakarta, Indonesia

Q = (Q]. An ordered bi-ideal of S is a nonempty
subset B of S such that B+ B € B, £BSB € B and
B = (B]. An ordered interior-ideal of S is a nonempty
subset [ of S such that [+ 1 S, ESISCS 1 and I =
(I]. We note that
(i) every ordered ideal is an ordered quasi-ideal,
ordered bi-ideal and ordered interior-ideal,
(ii) every ordered quasi-ideal is an ordered bi-
ideal
Let A be a nonempty subset of S. We denote
L(A),R(A),I(A) and Q(A) as the smallest left
ordered ideal, right ordered ideal, ordered ideal and
ordered quasi-ideal of S containing A, respectively.
Now, we describe the constructions of L(A),
R(A),I(A) and Q(A) proved by Palakawong na
Ayutthaya and Pibaljommee (in press) as follows;
L(A) = (ZA+XSA], R(A) = (ZA+ XAS],

I1(A) = (ZA + ZSA + LAS + 2SAS] and
Q(A) = (ZA + ((=SA] n (2AS])].

An element e of S is said to be an identity if
ae = a = ea for any a € S. If S has an identity then
L(A) = (ZSA], R(A) = (ZAS], I(A) = (ZSAS] and
Q(A) = (ZSA] n (ZAS] for any subset A of S.

Now, we recall the properties of finite sums
and the operator (] on an ordered semiring
(Palakawong na Ayutthaya, Pibaljommee, in press).
Remark 1.1. For any subsets A4,B of an ordered

semiring S, then the following statements hold.

() (4] c (ZA].
(i) Z(ZA) = ZA.
(iii) A(ZB) € ZAB and (ZA)B < IAB.

(iv) 2(AZB) € $AB and X(Z4)B < $AB.

(v) 2(A+B)=3XA+ZB.
Remark 1.2. Let A, B,C be subsets of an ordered

semiring S. Then the following statements hold.

(i) A< (A]and ((4]] = (Al
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(ii) IfA C B than (4] € (B].

(iii) A(B] <€ (A](B] € (AB] and
(A]B < (4]1(B] < (4B].

(iv) A+ (B] < (A] + (B] € (A + B] and (4] +
B < (Al+ (B] < (A4+B].

(v) A(B+C] S (AB + AC] and
(A + B]C € (AC + BC].

(vi) (AuB] = (4] U (B].

(vii) (AN B] € (Al n (B]

(equality holds if (A] = Aand (B] = B).

An ordered semiring S is said to be regular if
A C (ZASA] for any A S S and S is said to be left
(right) regular if A € (ZSA?] (A € (ZA2%S]) for any
ACSS. A nonempty subset T of S is said to be
semiprime if A> S Tthen A S T forany A € S.

For any nonempty subset A of S, we denote
B(A) as the smallest ordered bi-ideal of S containing
A. Now, we describe the construction of the smallest
ordered bi-ideal of S containing a subset A of S as
follows.
Lemma 1.3. Let A be a nonempty subset of S. Then
B(A) = (ZA + ZASA].
Proof. Leta € A. Since S has an absorbing zero, a =
a+0€XA+XASA. Thus ACIA+XASAC
(ZA + ZASA]. Let x,y € (ZA + ZASA]. Then x < x’
and y < y' for some x',y' € A + ZASA. 1t is clear
that x" +y' € £A + £ASA. This implies that x +y <
x'+y € XA+ ZASA. So, x+y € (ZA+ ZASA]L
By Remark 1.1 and Remark 1.2, we have

(ZA + ZASA]S(ZA + £ASA]

C (ZAS + ZASAS](ZA + $ASA]

c ((ZAS)(ZA + ZASA) + (ZASAS)(ZA + £ASA)]
S (Z(AS(ZA + ASA)) + L(ASAS(ZA + 2ASA))]
C (Z(ZASA + TASA) + Z(ZASA + £ASA)]

= (Z(ZASA) + Z(ZASA)]

= (ZASA] € (ZA + 2ASA].
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Since ((ZA + ZASA]] = (ZA + ZASA], (2A + £ASA]
is an ordered bi-ideal of S. Let B be an ordered bi-
ideal of S containing A. Then XA € B and £ASA €
EBSB € B. Hence, XA+ XASA S B and so (ZA+
YASA] € (B] = B. Therefore, (ZA + XASA] is the

smallest ordered bi-ideal of S containing A. O

Regular ordered semiring
Palakawong na Ayutthaya and Pibaljommee
(in press) gave some characterizations of regular
ordered semirings by right ordered ideals, left ordered
ideals and ordered quasi-ideals. Now, we give some
more characterizations of regular ordered semirings by
ordered quasi-ideals. To obtain these characterizations,
we use three lemmas proved in (Palakawong na
Ayutthaya, Pibaljommee, in press).
Lemma 2.1. Let S be an ordered semiring and @ #
ACS. IfAC (ZA? + TASA] then A% C (ZASA].
Lemma 2.2. Let S be an ordered semiring. Then the
following conditions are equivalent.
(i) Sisregular.
(ii) (ZRL] = R n L for every right ordered ideal
R and left ordered ideal L of S.
(iii) B = (ZBSB] for each ordered bi-ideal B of S.
(iv) Q = (ZQSQ] for each ordered quasi-ideal
Qof S.
Lemma 2.3. Let S be a regular ordered semiring. Then
ordered bi-ideals and ordered quasi-ideals coincide in S.
Theorem 2.4. Let S be an ordered semiring. Then the
following conditions are equivalent.
(i) Sisregular.
(i) QnJ=(ZQJQ] for every ordered quasi-

ideal Q and every ordered ideal ] of S.
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(iii) Q N1 = (ZQIQ] for every ordered quasi-
ideal Q and every ordered interior-ideal I of
S.
Proof. (iii) = (ii) is clear, since every ordered ideal is
ordered interior-ideal.

(ii) = (i): By assumption, we have Q = Q N S =
(ZQSQ). By Lemma 2.2, S is regular.

(i) = (iii): Let Q be an ordered quasi-ideal and I
be an ordered interior-ideal of S. Then XQIQ <
$0SQ < (ZSQ1 N (ZQS] S Q and XQIQ SI. So,
2QIQ € Q n I. It follows that

(ZQIQl€ (@nMl=@QInUl=QnI.

Leta € Q N I. Since S is regular, there exists x €
S such that a < axa < axaxa € QSISQ € QIQ <
2QIQ. Hence, Q NI < (ZQIQ]. Therefore, Q NI =
(zQIQ].

2.5. Let S be an ordered semiring. Then S is regular if

Theorem

and only if Q N L € (ZQL] for every ordered quasi-ideal
Q and every left ordered ideal L of S.

Proof. Let S be regular, Q be an ordered quasi-ideal
and L be a left ordered ideal of S. Leta € Q N L. Then
there exists x € S such that a < axa € QSL < QL.
It follows that Q N L € (QL] € (ZQL].

Conversely, let A € S. By assumption, we
have A € Q(A) N L(A) < (ZQ(A)L(A)]. By Remark
1.1, Remark 1.2 and Lemma 2.1, we have

A< (ZQAL(A)]
= ((ZA +((zs4] n (ZAS])) (ZA + ZSA]]

c ((ZA + z4S](ZA + 254]]

C ((ZA + ZAS)(ZA + 2SA)]

C (ZA(ZA + ZSA) + TAS(ZA + £SA)]
C (ZA% + ZASA + TASA + $ASSA]

C (A% + 2ASA]

c ((ZASA] + zASA]

c (zASA].

Therefore, S is regular.
As the duality of Theorem 2.5, we have the

following theorem.
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Theorem 2.6. Let S be an ordered semiring. Then S is
regular if and only if QNR S (ZRQ] for every
ordered quasi-ideal Q@ and every right ordered ideal R
of S.
Theorem 2.7. Let S be an ordered semiring. Then S is
regular if and only if RN Q N L € (ZRQL] for every
right ordered ideal R, every ordered quasi-ideal Q and
every left ordered ideal L of S.
Proof. Let S be regular, Q be an ordered quasi-ideal, R
be a right ordered ideal and L be a left ordered ideal of
S. Let a € RN Q N L. Then there exists x €S such
that a < axa < axaxa € RSQSL € RQL. 1t follows
that RN Q N L € (RQL] < (ZRQL].

Conversely, let R be a right ordered ideal
and L be a left ordered ideal of S. Then RN L is an
ordered quasi-ideal of S (Palakawong na Ayutthaya,

Pibaljommee, in press). By assumption, we obtain R N
L=RnRnL)NL<c(R(RNL)L] < (RL] <
(ZRQL]. By Lemma 2.2, § is regular. O

Intra-regular ordered semiring.

In this section, we characterize intra-regular
ordered semirings using ordered quasi-ideals.
Definition 3.1. Let S be an ordered semiring. An
element a € S is said to be intra-regular if there exist
x,y € S such that a < xa?y. If every element a € S
is intra-regular then S is called intra-regular.

It is not difficult to show that S is intra-
regular if and only if A € (ZSA2S] for any AC S
(equivalently, a € (£Sa?S] for any a € S).

Kehayopulu (2013) gave an example of an
intra-regular ordered semigroup which is not left
regular. We apply this example to construct an
example of an intra-regular ordered semiring which is

not regular.
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Example 3.2. Let S = {a, b, ¢, d, e}. Define a binary
operation + on S by x +y = x for any x,y € S and

define a binary operation - on S by the following table;

QO QLo T Q

samesls
(SRS US RS IS IS
Q Q Q Q Qo
Q Q Q 2 Q|
T Q Q Q Q|®

Then it is easy to show that (S,+,") is a semiring.
Define a binary relation < on S by

<= {(Cl, a), (bv b), (C, C), (d’ d)' (e' e)’ (a’ b)!
(a,e),(c,b),(c,e),(d,b),(de)}

We give the covering relation “<” and the figure of S:
<:= {(a,b),(a,e),(c,b),(c,e),(d,b),(d,e)}
b e

C a d

Now, (S, +,-, <) is an ordered semiring which is intra-
regular (Kehayopulu, 2013). It is easy to check that S
is not regular, since {c} € ({c}S{c}].

Now, we give an example of an ordered
semiring which is both regular and intra-regular.
Example 3.3. Let S ={a,b,c}. Define binary

operations + and - on S by the following tables;

SRS RS S
Q Q Q(Q
a o QT
a a Qa

|
a |
b |
c |

a T QR
a Sala

Then (S, +,:) is an additively commutative semiring
with an absorbing zero a. Define a binary relation <

on S by
<:= {(a,a),(b,b),(c,c),(a,c), (b c)}

We give the covering relation “<” and the figure of S:

<:= {(a,0),(b,0)}
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Now, (S,+,,<) is an ordered semiring which is
regular and intra-regular.
Theorem 3.4. Let S be an ordered semiring. Then S is
intra-regular if and only if L N R € (ZLR] for every left
ordered ideal L and every right ordered ideal R of S.
Proof. Let S be intra-regular and let L and R be a left
ordered ideal and a right ordered ideal of S,
respectively. Let a € L N R. Then there exist x,y € S
such that a < xa?y = xaay € SLRS € LR. So, LN
R < (LR] < (ZLR].

Conversely, let A € S. By assumption, we
have A € L(A) N R(A) € (ZL(A)R(A)]. By Remark

1.1 and Remark 1.2, we have

A S (CL(AR(A)] = (Z(ZA + ZSA](ZA + 2AS]]
c (2((zA + 2SA)(ZA + £AS))]
C (Z(ZA(ZA + ZAS) + LSA(ZA + AS))]
C (Z(ZA?% + TA%S + 3SA? + £SA%S)]

C (ZTA? 4+ $A%S + £SA% 4+ SA%S]. (al)

By (al), we have

YA? = TAA S TA(ZA? + ZA%S + 2SA% + £SA?%S]
C (ZAA? + TAA?S + TASA? + ZASA?S]
C (ZSA? + ISA%S + 2SA? + £SA%S]
= (ZSA? + £SA?S], (a2)

A% =XAA € 2(TA% + TA?S + ZSA% + £SA%S]A
C (ZA2A + ZA%SA 4 SSA%A + 3SA%SA]
C (ZA%S + TA%S + ZSA%S + £SA%S]

= (ZA%S + £SA?S]. (a3)

By (a3), we have

ISA? € IS(SAZS + $SA2S]
C (ZSA2S + £SSA?S]

C (z5425]. (ad)

By (a2), we have

TA%S C S(ZSA? + £SA%S]S
C (ZSA2%S + 2SA%SS]

c (TSA?S]. (as5)

We consider (a2). By (a4), we get
A% € (ZSA? + 2SA%S]
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c ((zSA2S] + ZSA%S]
c (£5A%S]. (a6)

We consider (al). By (a4), (a5) and (a6), we obtain
A C (2A? + ZA%S + 2SA% + 1SA%S]
C ((ZSA%S] + (ZSA%S] + (ZSA2S] + LSA%S|

C (z5425].
Therefore, S is intra-regular.
From the proof of Theorem 3.4, we have the
following remark.
Remark 3.5. Let S be an ordered semiring and @ #
AcC S If A< (ZL(A)R(A)] then S is intra-regular.
Theorem 3.6. Let S be an ordered semiring. Then the
following conditions are true.
(i) S is intra-regular if and only if BN Q S
(SBQS] for every ordered bi-ideal B and
every ordered quasi-ideal Q of S.
(ii)) S is intra-regular if and only if BN Q <
(SQBS] for every ordered bi-ideal B and
every ordered quasi-ideal Q of S.
Proof. (i) Let B and Q be an ordered bi-ideal and an
ordered quasi-ideal of S, respectively. Let a € B N Q.

Since S is intra-regular, there exist x,y € S such that
a < xa?y < xa(xa’y)y = x(axa)ay? €
SBSBQS < SBQS. Therefore, BN Q < (SBQS].

Conversely, let a € S. By assumption, we
have a € B(a) N Q(a) < (SB(a)Q(a)S]. By Remark
1.1 and Remark 1.2, we have that

a € (SB(a)Q(a)S]
= (S(Na + aSa](Na + ((aS] n (Sa])]S]

c ((Sa + SaSa](Na + (aS]]S]
c ((Sal(aS + aSs]]
c ((Sal(as]] < (Sa?s].

Therefore, S is intra-regular.

(ii) can be proved similarly to (i).
Theorem 3.7. Let S be an ordered semiring. Then § is
intra-regular if and only if L N Q < (LQS] for every

ordered quasi-ideal Q and every left ordered ideal L of S.
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Proof. Let L and Q be a left ordered ideal and an
ordered quasi-ideal of S, respectively. Let a € L N Q.

Since S is intra-regular, there exist x,y € S such that
a < xa?y < x(xa*y)ay = x?aayay € SLQS <
LQS. Therefore, L N Q S (LQS].

Conversely, let A ©S. By assumption, we
have A € L(A) N Q(A) € (L(A)Q(A)S].

By Remark 1.1 and Remark 1.2, we have that
A < (L(A)Q(A)S]
= (():A +ISAI(ZA + ((zsA]ln (ZAS])]S]
c ((ZA + 2SA)(ZA + 2AS)S]

c ((ZA + =SA)(ZAS + ASS)]
c (A +25A)(ZAS)]

C (ZA%S + £SA?S]. (b1)

By (b1), we have

TA2S = SAAS C SA(ZA%S + £SA%S]S
C IS(TA2S + ZSA%S]S
C X(ZSA%SS + ZSSA?SS]
C X(ESA%S + ZSA2S]

C (ZSA%S]. (b2)

We consider (bl). By (b2), we get

A © (ZA%S + ISA%S]
c ((zSA2S] + £SA%S]

C (zS5425].

Therefore, S is intra-regular.

As the duality of Theorem 3.7, we have the
following theorem.
Theorem 3.8. Let S be an ordered semiring. Then S is
intra-regular if and only if R N Q S (SQR] for every
ordered quasi-ideal Q and every right ordered ideal R
of S.

As a consequence of Theorem 3.6, Theorem
3.7 and Theorem 3.8, we obtain the following
theorem.
Theorem 3.9. Let S be an ordered and let a € S. Then
the following conditions are equivalent.

(i) Sis intra-regular.

(i) B(a) N Q(a) € (SB(a)Q(a)S].
(i) B(a) N Q(a) < (SQ(a)B(a)S].

(iv) L(@) N Q(a) € (L(a)Q(a)S].
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) R(@) nQ(a) < (SQ(@)R(a)].

Now, we give some characterizations of
ordered semiring S which is both regular and intra-
regular and show that Q = (2Q?] for every ordered
quasi-ideal Q of S.

Remark 3.10. Let S be an ordered semiring. If S is
both regular and intra-regular then for any a € §,
a < asa’*ta forsomes,t €S.

Proof. Let a € S. Then there exist x,y, z € S such that

a < axa < (axa)xa
< ax(ya®z)xa

= a(xy)a?(zx)a.
Theorem 3.11. Let S be an ordered semiring. Then S
is both regular and intra-regular if and only if Q =
(2Q?] for every ordered quasi-ideal Q of S.
Proof. Let Q be an ordered quasi-ideal of S. Clearly,
(2Q%] € (ZQ] = Q. Let q € Q. By Remark 3.10, we

have that q < gsqqtq € (QSQ)(QSQ) € QQ = Q"2
for some s,t € S. Hence, Q € (Q?] € (ZQ?].
Conversely, assume that Q = (ZQ?] for
every ordered quasi-ideal Q of S. Let A S S. By
assumption, A € Q(A4) = (ZQ(4)Q(A)]. By Remark
1.1 and Remark 1.2, we have
A< (2Q(A)Q(A)]
= (=((z4 + (=541 n (z48])]
(24 + (=541 n z4s1)] )]
c (2((2,4 +2SA](ZA + ZAS]))
= (ZLAR(A)]

By Remark 3.5, we obtain S is intra-regular.
Next, we consider

Ac(=((z4 + (Esaln zas))]
(24 + (=541 n z4s1)] )]
c (Z((ZA + ZAS](ZA + ZSA]))
c (2((2,4 +3AS) (24 + ZSA)]]
C (Z(ZA(ZA + £SA) + ZAS(ZA + £SA)]]
C (Z(ZA% + TASA + ASA + £ASSA]|
c (X(zA% + 2454]]
C (ZA? + 2ASA]
By Lemma 2.1, we have %A? € (ZASA]. Then
A C (ZA? + 2ASA]
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c ((zASA] + 2ASA]
c (ZASA]

Hence, S is regular. Therefore, S is both regular and
intra-regular.

Theorem 3.12. Let S be an ordered semiring. Then S
is both regular and intra-regular if and only if B =
(2B?] for every ordered bi-ideal B of S.

Proof. 1t is follows from Theorem 3.11 and Lemma

2.3.

Conclusion

The characterizations of regular and intra-
regular using ordered quasi-ideals are hold in ordered
semiring. Moreover, an ordered semiring S is both
regular and intra-regular if and only if Q = (£Q?] for

every ordered quasi-ideal Q of S.
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