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A new method for equilibrium problems and a finite family of pseudocontractive mapping
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ABSTRACT

The purpose of this paper is to prove the strong convergence theorem for finding a common element of the

set of solutions of an equilibrium problem and the set of fixed point of a finite family of K, -strictly
pseudocontractive mapping (i.e, there exist K; € [0,1) such that ||TX —Ty||2 < ||X - y||2 +K; ||(| -T)x—(I —T)y||2
VX, y €C and i=12,...,N) in framework of Hilbert spaces by using different methods. Our main theorem

improve and modify some previously proposed results.
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Introduction
Let H be a real Hilbert space and let C bea nonempty closed convex subset of H. Let Pc be the

projection of H onto C.A mapping T of H into itself is called nonexpansive if ”TX —Ty” < ”X — y” for all
X, Y € H. The set of fixed points of T is denoted by F(T) (i.e, F(T)= {X eH:Tx= X}) A mapping
T:C—>C is said to be a K -strictly pseudo contraction mapping, if there exist K € [0,1) such that
||Tx—Ty||2 <|jx— y||2 +x[|(1=-T)x—=(I —T)y||2 , X,y eC.

Let F:CxC — R be a bifunction. The equilibrium problem for F is to determine its equilibrium
points, i.e. the set

EP(F)={xeC:F(x,y)>0, VyeC}. (1.1)

The problem is very general in the sense that it includes, as special cases, optimization problems, variational
inequalities, minimax problems, Nash equilibrium problem in noncooperative games, and others, see (Blum, Oettli,
1994; Combettes, Hirstoaga, 2005; Takahashi, Takahashi, 2007).

Takahashi, Takahashi (2007) introduced viscosity approximation method for finding a common element of
the set of solutions of problem (1.1) and the set of fixed points of a nonexpansive mapping in a Hilbert space. They
defined the sequences {Xn} and {Un} as follows: Let X, € H and f:H — H be a contraction mapping with
ae(01), {Xn} c [0,1] and {r, } < (0,0)

F(un,y)+l<y—un,un—xn>20, vy eC,
r (1.2)
X,y =0, f(x,)+1—e,)Tu,, vneN,
They proved strong convergence theorem of sequence {Xn} generated by (1.2) to

Ze F(T)ﬂ EP(F) where Z = PF(T)ﬂEP(F

sequences {an},{r } and bifunction F.

n

) f (Z) under certain appropriate conditions imposed on the

In this paper, motivated by (1.2), we introduce a new algorithm as follows: for U € C and the sequence

{Xn } generated by

F(un,y)+rl<y—un,un—(ﬂnTanr(l—/jn)xn))zO, vy eC, .
n 1.3

X,y =a,u+1—a,)u,, vn =1,
where F :CxC — R is a bifunction and T| :C—>Cis K -strictly pseudocontractive mapping.
Under suitable conditions of parameters {an } , { ,Bn } , {rn} , we prove strong convergence theorem for finding a
common element of the set of equilibrium problem of finite family of K; -strictly pseudocontractive mapping in
Hilbert spaces.
Objective of the study
To introduce a new algorithm for finding a common element of the set of solutions of equilibrium problem

and the set of fixed point of a finite family of K; -strictly pseudocontractive mapping in framework of Hilbert spaces.
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Preliminaries
In this section, we give some useful lemmas and definitions that will be needed for our main result.
Definition 2.1.[5] Let E be a real Banach space and D be a closed subset of E . A mapping T:D—>Dis

n

said to be demi-closed at the origin if, for any sequence {X } in D, the conditions X, —> X, weakly and
TXn — 0 strongly imply TXO =0.
Lemma 2.1.[7] Let {Sn } be a sequence of nonnegative real numbers satisfying

Spu=(@—a,)s, +B,, ¥n=0where {Oln} , {ﬂn} satisfy conditions
O (e} < (0D, Zay ==
n=1

. B
2) | —£<0.
(2) limsup:

Then lim Sy = 0.

n—oo

Let C be closed convex subset of real Hilbert space H and Pc be the metric projection of H onto C

ie, for X € H, P.X satisfies the property”X -P X” =min ”X — y|| .
yeC

The following lemma 2.2. characterizes the projection Pc .

Lemma 2.2.[5] Given X € H and Yy € C. Then P.X =Y if and only if there holds the inequality
(x—y,y-2)=0 VvzeC.

Lemma 2.3.[2] Let E be a uniformly convex Banach space, C bea nonempty closed convex subset of E and

S :C — C be a nonexpansive mapping. Then | — S is demi-closed at zero.
Lemma 2.4.[8] Let {Sn } be a sequence of nonnegative real numbers satisfying

Spy = Q- Otn)Sn +0,, VN0, where {an} is a sequence in (0,1) and {5 } is a sequence such that

n

o

n

(2) Iimsupi <0or i|§n| <,
n—om pr

Then lim Sy = 0.

n—o0

For solving the equilibrium problem for a bifunction F :C xC — R, let us assume that F satisfy the

following conditions:
(A F(x,x)=0 WvxeC;

(A2) F ismonotone, F(X,y)+F(y,X)<0, VX YyeC;
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(A3) VX, ¥,2eC, limF(tz+1-t)x,y) < F(x,y);
t—>0"

(A4) VxeC,y—F (X, y) is convex and lower semi continuous.
Lemma 2.5.[1] Let C bea nonempty closed convex subset of H andlet F be a bifunction of C X C into R

satisfying (A1) - (A4). Let I > 0 and X € H. Then, there exists Z € C such that
1
F(z,y)+=(y-2,z-x)>0 @.1)
r

forall Y € C.

Lemma 2.6.[3] Assume that F :CxC — R satisfies (A1) — (A4). For I >0 and X € H, define a mapping
S, :H — C as follows:

Sr(x)={ZEC:F(z,y)+1(y—z,z—x)20, VyeC}. 2.2)
r

for all Z € H .Then, the following hold:

(D) Sr is single-valued,;

) Sr is firmly nonexpansive i.e, ”Sr (X) — Sr (y)||2 < <Sr (X) — Sr (y), X— y) VX, yeH,

3) F(S,) =EP(F);

4) EP(F) is closed and convex.

Lemma 2.7.[9] In a real Hilbert spaces H ,there holds the following inequality ”X + y||2 < ”X”2 +2 < Y, X+ y)
forall X,y e H.

Lemma 2.8.[9] Let C bea nonempty closed convex subset of real Hilbert space H and T:C—>C a K- strict
pseudo contraction. Define S :C —C by SX=aXx+ (1—a)TX for each X € C. Then o € [K,l), Sis
nonexpansive such that (S) =F (T)

Lemma 2.9.[4] Let C be a nonempty closed convex subset of strictly convex. Let {Ti }|N=1 be a finite family of
nonexpansive mapping of C into itself with ﬂ:\il F (T| ) # (& and let a;= (Ollj , azj , a?j ) elxlxl,

j =12,3,...,N, where | = [0,1] ) alj +0£2j +0(3. =1 Ollj E(O,l) for all j =12,3,.., N-1

061N G(O,l], Otzj, (Z3j G[O,l) forall j =1,2,3,...,N. Let S be the mapping generated by T.,71,,... Ty
and &, X,,..., Q. Then F(S) = ﬂi’ilF (Ti )

Main result
Theorem 3.1 Let C be a nonempty closed convex subset of a Hilbert space H . Let F be a bifunctions from
CxC into R satisfying (A1) — (A4). Let {Ti }IN:1 be a finite family of K - strictly psuedocontractions with
F=(,F(T)EP(F)#Q. Definc a mapping T, by T, =tx+(1—x)Tx VxeC,
ie{l,2.. N} Let @) =(a), ) ) ) e I x I x1, j=1,2,3.., N, where | =[0,1],
a) +a) +al =1 aof €(01) forall j=1,23,..,N-1, ) €(0,1], al, a) €[0,1)
for all j =1,2,3,...,N. Let S be the mapping generated by TKl,TKz ey I and O, Oy, &y Let

KN

{Xn} be sequence generated by X, U € C:
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F(u,, y)+r£<y—un,un =(B,5%, + (1= B,)%,)) 20, VyeC,

n

@3.1)
X, =au+(1—e,)u,, vn =1,
where {(Zn},{ﬂn} C(O,l) such that I, E(a,b) and ﬂn e(C,d]C(O,l] .

Assume that

(i)lime, =0 and Za = oo,

n—oo

" Z|n+l rn|’2|an+l_an|’Z|ﬂn+l_ﬂn|<Oo'
n=0 n=0

Then the sequence {Xn} converge stronglyto Z = PFU.
Proof.Step 1. We shall show that the sequence {Xn } is bounded.

Let Z € F . Since
F(u,, y)+r£<y—un,un -(8,5x, +(1—ﬁn)xn)>20, vy eC, (3.2)

by Lemma 2.6, it implies that U, = Srn (ﬂnTXn + (1—ﬁn ) X, ) and Ze F (Srn ).
Then, we have

2] <a,fu-2]+ @-ay)u, 2|
S, (8.5% +(1-8,)%)-1|
~a,)|(8,5x, +(1-8,)x, —zH
<@ Ju-z+Q-a,) (4[5~ 2 +(1-4)[x - 2)
<o, Ju=2|+ A=) (4 % —2]+(1-5)x -2)

g Ju-2]+ a-ay)lx, 7]

n+1

[

=a,|u

<a, ||u

< max {||u—z||,||x, — Z||}- (3.3)
By induction we can prove that {X, } is bounded, so are {SX, } and {U, }.
Step 2. We will show that lim,_,_ [|X,., =, =0.
Put Y, = f3,5X, +(1—5,)X,.

Consider

”X - X, ” = ”anu + (1_ an)un -, U— (1_ an—l)un—ln

n+1

n+1
= ||anu +l-a)u, +Q-a)u, ,+Q-a ), , —c, u—(1- an—l)un—l”
= ”(an - anfl)u + (l_ an)(un - l’Infl) + (an - anfl)un—l”
<[aty — ety ol @ty )t — o+, — U] 64

and U, = an Y,andU,_, = Srn?1 Y._1» we have

F(Un’y)+%<y—un,un—yn>20, vyeC, (3.5)

n

and
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1
F(Up s, Y)+=——(Y=Up 5,Up 3= Yo 1) 20, VY eC,

rn -1

Since U,,U, ; € C, by (3.5) and (3.6), we have

F(u”’u“—l)—i_l<y_un'un_yn>Z

and F(Un,laun)"'i(y Up Uy =Yy l> 0.

From (A2), we have

It follows that

Ly, -y,)) 20,

n

Then, we have

n~ Yn-11
n

It implies that

”un—l _un”2 = <un Uy =Yoo — fos (un - yn)>

I’]

r
= <un _un—l'un + yn - yn—l - :__1 (un - yn)>

n

U, —U_ Yo =Y, 1( j(u _yn)

rn -1

< ”un ‘“n71|| ”yn - yn—1”+ ”un - yn”

n

By (3.12), we have

-254 -

r
-1
n_l—un+un—yn_1—: (u,—vy,))=0.

PMP4-6

(3.6)

3.7

(3.8)

(3.9

(3.10)

(3.11)

(3.12)



NIG mMisUs=yudsIMsidauarHaniudIeduiafinu s:ausidua:z:uinsida 2560 PMP4-7
KKU-2017 3UR 10 Gu1A 2560 tu MIMSWAL A1SAU URI3NENEBaUInU

T A e

nl

:||ﬂnsxn+(1_ﬁ) an 1SXn 1+(1 ﬁn -1 n l||+r "U _yn"

n-1

:"anSXn +(1_ﬂn)xn _(1_an) ( ,B ) n-1 ﬂn 1SXn 1 ﬂnSXn l+ﬂnSXn -1
I s T

n-1
< (1_ﬂn)||xn - Xn—1||+|ﬂn _ﬂn—l|||xn—1||+ﬂn "an - SXn—1||-|_|ﬁn—1 _ﬂn|"SXn—1"

r
+ 1_:__1 "un - yn”

n

< ”Xn - Xn—1||+|ﬂn _:Bn—1|||xn—l||+|ﬂn—l _:Bn|||sx 4|t

r
_:._: "un B yn”

< =Xl +2M U~ Al Ll =M, a

where M = max, _ {[|X,[1[15%, [}, [u, = ¥, ||} - Substitute (3.13) into (3.4), we obtain
”X % ” < |an B anfl| ”u” + (1_ @n )”un o un&” + |0£H N an|”unfl”
1
<la, —an1|||u||+(1—an)(||xn S RV RV ARE [ j

+|an _an—l|”un—l”

1
<le, — ey ||ul|+ (1=, )% = X+ 2M | B, —,6’n|+g|rn —r,_|M

n+1

+|an _an—1|||un—1|| (3.14)

By (3.14), condition (i), (ii) and Lemma 2.4, we have

lim|x,,, —x,[=0. (3.15)
N—o0
Step 3. We will show that
lim|Sx, —x, || =0. (3.16)
n—o
Since Y, = ,BnSXn +(1- ,Bn)Xn, we have
ﬁn(SXn—Xn)Zyn—Xn- (3.17)
Claim that lim|x,.,, — y,[ =0 (3.18)
N—o0
since [|X. = Vol S @, Ju— Y|+ (1=, ) |u, = Val (3.19)

and forall Z € EP(F) n F(S), by firmly nonexpansiveness, we have

u,

( =2 yn—Z)
(u 2 +ly, =2 o %)
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1
= §(||Un 2+, ~ 2 ~Ju, - v, [)-
From (3.20), [u, — z||2 <|ly, - z||2 —|u, - yn||2 .

By definition of {Xn } and (3.21), we have

[X0s =2l <y Ju=2 + (1-a, ) u, - 2
< fu=2f +(1=a,)(Iya ~ 2 ~Ju, - v, )
=a,Ju=z +(1-ay)lly, -2l - (1=, )Ju, -y, [
<afu=2ff +(1-a,)(@- B ~2 + B ]lsx, ~2 )
~(1-a,)Ju, - v,
<a,fu-7 +(1-a, ¥~ 2 = (1-ay)Ju, - vl
It follows that

d

<ay Ju=2f (I~ 2l + P = 2=l

(=), =Yl < g Ju =2 + [, ~ 2" +[x

n+l

By condition (i) and (3.15), we have
lim||u, -y, [ =0.
n—o0
By (3.22), condition (i) and (3.19), we obtain (3.18). Again by (3.18) and (3.15), we have
lim|y, —x,|=0.
n—o0
By (3.23), 3.17) and f3, €(C,d ], we have (3.16).
Step 4. Put Z;, € F, we must show that

lim(u—z,,x, —2,) <0.

nN—o0

To show this inequality, choose subsequence {Xnk } of {Xn } such that

rI]T;sup(u—zo,xn —zo>=rlwgo<u—zo,xnk —zo>

PMP4-8

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Without loss of generality, we may assume that Xnk — @ as K —> o0 where @ € C. We first show

@ € EP(F). By (3.23), we have Yo, — @ as Kk — 0. Since U, = Srn Y, forevery y €C,

we have

F(un,y)+r1(y—un,un—yn>20, vy eC,

From (A2) , we have

rl(y—un,un—yn>2F(y,un), vy eC.

n
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In particular, we have

u J—
<y—unk,”kr—y”k>2 F(y,unk), vy eC. (3.26)

By (3.22) and Y, = @ as K—> 00, wehave U, —> @ as K —>00. Againby (3.22),(326) and U, — @

as k—)dD,wehave

0>F(y,w), vyeC (3.27)
Let te(O,l] and Yy €C , put Y, =ty+(1—t)a),we have Y, eC.By(327)
0> F(y,, o), vyeC (3.28)

By (A1), (A4) and (3.28) , we have
0=F (¥, ¥,) StF (¥, ¥)+A-1)F (v, @)

< tF (YY)
It follows that
0<F(y,.Y). (3.29)
From (A3) and (3.29), we have
0<F(ay),

Then @ € EP(F). By Xnk - ®as Kk —> 00, (3.16) and Lemma 2.3, we have @ € F(T) Hence w € F.
By (3.25), we have
limsup (u—2,,%, ~2) = lim(u—z,,%, ~2)
=(u—2,,0—2,)<0

Step 5.Finally, we show that X, — @as N — o0, where Z; = PFU. By nonexpansiveness of S and S [ We

have
o =2l =l 0= 20) (- (0, -2

<(1-) o~ 2o[ + 200, (U= 2, %, - 2,)

<(1-a,)|s. ¥o - 20H2 +20t, (U= 20, %1 — Z5)

<(1-an)llyn = zf + 20, (u=20,%,.1 - 2)

= (L= ) |,(5%, = 2) + (1= 5,) (%, =) + 20, (U= 20,0 2)
<(1-a,)( B lsx ~zl +(1= B~ 2ol )+ 20, (u=20,%,1 - 2,)
< (1= X, = 2ol + 21, (U =20, %01 - 20)

From step 4, condition (i) and lemma 2.1, we can conclude that {Xn} converges strongly to Z, = PFU. This

completes the proof.
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Conclusion
We define a new iterative scheme to generate the sequence {Xn } in theorem 3.1 and prove that the
sequence {Xn } converges strongly to Z = PFLI. This paper is to solve the equilibrium problem and fixed point

problem of strictly pseudocontractive mapping.
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