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ABSTRACT 

In this paper, we establish a new iterative method for fixed point problem of a finite family of nonexpansive 
mappings and the equilibrium problem.   Then, we prove a strong convergence theorem for finding the common 
element of these problems. 
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Introduction 

Throughout this paper, we always assume that H  is a real Hilbert space. Let C  be a nonempty closed 
convex subset of H . Let  and  denote strong and weak convergence, respectively. Let CP  be the metric 
projection of H  onto .C  i.e. for ,x H P xC  satisfies the property 

 minx P x x yC y C
  


 . 

PC  is a nonexpansive mapping of H  onto C  and satisfies  

2
,x y P x P y P x P yC C C C    . 

The set of fixed point of a mapping :S C C  is denoted by ( )F S , that is , ( ) { : }F S x C Sx x   . 
Goebel and Kirk [5] showed that ( )F S  is always closed convex, and also nonempty provided S  has a bounded 
trajectory.  Recall that S  is said to be nonexpansive mapping if  Sx Sy x y    for all , .x y H  

Let :F C C    be a bifunction. The equilibrium problem for F is to find x C  such that  
                                                          , 0, .F x y y C                                (1.1) 

The set of the of (1.1) is denoted by ( ).EP F  In 2005, Combettes and Hirstoaga [4] introduced an iterative scheme of 
finding the best approximation to the initial data when ( )EP F  is nonempty and proved a strong convergence 
theorem. 

In 2007, Takahashi and Takahashi [8] introduced viscosity approximation method in framework of a real 
Hilbert space .H  They defined the iterative sequence { }nx  and { }nu  as follows: 

,1
1

( , ) , 0, ,

( ) (1 ) , ,1

x H

F u y y u u x y Cn n n n
rn

x f x Tu nn n n nn  



     

    






 

                                                (1.2) 

where :f H H  is a contraction mapping with constant  0,1   and  { } [0,1],{ } 0, .rn n     They 
proved under some suitable conditions on the sequences { },{ }rn n  and the bifunction F  that { },{ }x un n  strongly 
converges to ( ) ( ),z F T EP F   where ( ) ( ) ( ).F T EP Fz P f z   
 

Inspired by Takahashi and Takahashi [8], we introduced an iterative method and proved   a strong 
convergence theorem for finding the solution of fixed point problems of a finite family of nonexpansive mappings               
and modified equilibrium problem under some suitable conditions.  
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Objective of the study 
The purpose of this research was to introduce a new iterative scheme for fixed point and equilibrium 

problems and proof a new strong convergence theorems of a finite family of nonexpansive mappings in Hilbert space. 
 
Preliminar ies 

In this section, we give some useful lemmas and definitions that will be needed for our main result.  

Lemma 2.1 [9] Let  ns  be a sequence of nonnegative real numbers satisfying     

(1 ) , 01s s nn n nn        

where   n and  n   satisfy conditions 
(1)    0,1 , ,

1
n n

n
 


  


 

(2) limsup 0n

n n







 or .

1
n

n



 


 

Then lim 0.snn



  

 
Lemma 2.2 [3]  Let E  be a uniformly convex Banach space, C  be nonempty closed convex subset of E and 

:S C C  be a nonexpansive mapping. Then I S  is demi-closed at zero. 
 

For solving the equilibrium problem for a bifunction : ,F C C    let us assume that F  satisfies the 
following conditions: 

 1 ( , ) 0 ;A F x x x C    

 2A F is monotone, i.e, ( , ) ( , ) 0, , ;F x y F y x x y C     

 3 , , , lim ( (1 ) , ) ( , );
0

A x y z C F tz t x y F x y
t

    
 

 3 , ( , )A x C y F x y   is convex and lower semicontinuous. 
 
Lemma 2.3 [1] Let C  be a nonempty closed convex subset of H  and let F  be a bifunction of C C  into    
satisfying (A1) - (A4). Let 0r   and .x H  Then, there exists z C  such that 

,
1

( , ) ,F z y y z z x
r

                  (2.1) 

for all .x C    
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Lemma 2.4 [4] Let C  be a nonempty closed convex subset of .H  Assume that :F C C   satisfies (A1)-(A4). 
For 0r   and ,x H  define a mapping :J H Cr   as follows: 

 ,
1

( ) : ( , ) , 0,J x z C F z y y z z x y Cr
r

                                    (2.2) 

for all z H . Then, the following hold: 

(1) Jr is single – valued; 
(2) Jr is firmly nonexpansive i.e. 2

( ) ( ) ( ) ( ), , ;J x J y J x J y x y x y Hr r r r       
(3) ( ) ( );F J EP Fr   
(4) ( )EP F  is closed and convex. 

Lemma 2.5 [7] Let , ,C H F and ( )xJr  be as in Lemma 2.4. Then the following holds: 

2
,s t s t sJ x J x J x J x J x x

s t

s
  


  

for all , 0s t   and .x H  

Definition 2.1 [6] Let C  be a nonempty closed convex subset of a real Banach space. Let    1

N
Ti i   be a finite 

family of nonexpanxive mappings of C  into itself. For each 1, 2, ..., ,j N  let  , ,1 2 3
j j j

I I Ij        

where [0,1]I  and , 1.1 2 3
j j j      We define the mapping :S C C  as follow: 

                                                    

0
1 1 1

1 1 1 0 2 0 3
2 2 2

2 1 2 1 2 1 3
3 3 3

3 1 1 2 2 2 3

.

.

.

1 1 1
1 1 1 2 2 2 3

.1 1 2 1 3

U I

U T U U I

U T U U I

U T U U I

N N NU T U U IN N N N
N N NS U T U U IN N N N

  

  

  

  

  



  

  

  

       

    

 

This mapping is called the S - mapping generated by , ...,1T TN  and , , ..., .1 2 N    
 
 

- 55 -



SDP6-5 

 

Lemma 2.6 [6]  Let C  be a nonempty closed convex subset of a strictly convex. Let   1

N
Ti i  be a finite family of 

nonexpanxive mappings of C  into itself with  ( )1
NF F Tii    and let  , , ,1 2 3

j j j
I I Ij        

1, 2,3, ..., ,j N  where  [0,1] , 1, 0,11 2 3 1
j j j j

I          for all  1, 2, ..., 1, 0,1 ,1
N

j N   

 , 0,11 1
N N     for all 1, 2, ..., .j N  Let S  be the mapping generated by , ...,1T TN  and , , ..., .1 2 N        

Then ( ) ( ).1
NF S F Tii   

 
Lemma 2.7 [2] Let C  be a nonempty closed convex subset of a Banach space E . Let F  be a bifunction from 
C C    satisfying (A1)–(A4). Suppose that .p C  Then ( ).p EP F  if and only if ( , ) 0F y p   for all 

.y C   

 

Main result 

Theorem 3.1 Let C  be a nonempty closed convex subset of a Hilbert space .H  Let F  be a bifunctions from C C  
into   satisfying ( ) ( ).1 4A A  Let   1

N

i i
T


 be a finite family of nonexpanxive mappings of C  into itself with  

( ) ( )1
N F T EP Fii   F  and let  , , ,1 2 3

j j j
I I Ij        1, 2,3, ..., ,j N where 

 [0,1] , 1, 0,11 2 3 1
j j j j

I          for all 1, 2, ..., 1,j N     0,1 , 0,11 1 1
N N N      for all 

1, 2, ..., .j N  Let S  be the mapping generated by , ...,1T TN  and , , ..., .1 2 N    Let  nx be a sequence 
generated by , :1x u C  
 

    1
, , 1 0, ,

(1 ) , 1,1

F u y y u u Sx x y Cn n n n n n n
rn

x u u nn n nn

 

 

       

    







                            (3.1) 

 
where       , 0,1n n   such that  ,r a bn   and    , 0,1 .c dn      
Assume that 

( ) lim 0i nn
 


 and ,

0
n

n



 


 

( ) , , .1 1 11 1 1
ii r rn n nn n nn n n

   
  

          
 

Then the sequence  xn  converges strongly to .z P u
F
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Proof.  We divide our proof into 5 steps. 

Step 1. We show that  xn  is bounded. 

Let zF , since      1
, , 1 0, ,F u y y u u Sx x y Cn n n n n n n

rn
                                   (3.2) 

by Lemma 2.4, it implies that   1u J Tx xn r n n n nn
    and ( ).z F Jrn

  

Then, we have 

  
  

  
  

 

(1 )1

(1 ) 1

(1 ) 1

(1 ) 1

(1 ) 1

(1 )

max , .

x z u z u zn n nn

u z J Sx x zn n r n n n nn

u z Sx x zn n n n n n

u z Sx z x zn n n n n n

u z x z x zn n n n n n

u z x zn n n

u z x zn

 

   

   

   

   

 

     

      

      

       

       

    

  

 

By induction, we can conclude that  xn  is bounded and so are  Sxn and  .un  
 
Step 2. We show that 1lim 0.n

n
x xn


   

Put  ,(1 )y Sx xn n n n n       for all  n. 

We see that 

(1 ) (1 )1 1 1 1

(1 ) (1 ) (1 ) (1 )1 1 1 1 1

( ) (1 )( ) ( )1 1 1 1

(1 ) .1 1 1 1

x x u u u un n n nn n n n

u u u u u un n n n nn n n n n

u u u un n n nn n n n

u u u un n n nn n n n

   

     

    

    



         

            

         

         

 

 

 

 

(3.3) 

(3.4) 
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Since 
nn r nu J y , 

11 1nn r nu J y
   and from Lemma 2.5, we obtain  

2 1
1 1

1
1

1 ,

1 .

n
n n n n n n

n

n
n n n n

n

r
u u u u u y

r

r
u u u y

r


 




 
     

 

   

 

It implies that   1
1 1 .n

n n n n
n

r
u u u y

r


                  (3.12) 

By (3.12), we have 

1

1

1

1 1

(1 ) (1 )1 1 1 1

(1 ) (1 ) (1 )1 1 1 1 1 1

(1 )1 1

(1 ) 1 1 1

1

1

1

n

n

n

n

n

n

u u y y u yn n n nn n

Sx x Sx x u yn n n n n nn n n n

Sx x x x Sx Sx Sxn n n n n n n nn n n n n n

x u yn nn n

x x xn n n nn n n

r

r

r

r

r

r

   

      



   







     

          

              

    

       







1
1 1 1 1 1

1 1 1

1 1 1

11

2

1

1
,

n
n n n n n n n n n n

n

n n n n n n

Sx Sx Sxn nn n n

rn u yn n
rn

M M

r
x x x Sx u y

r

x x r r
a

 

   

 


    

  

    

  

        

       

where   max , ,M x Sx u yn n n nn  .  

Substitute (3.13) into (3.4) 

 

 

 

.

11 1 1 1 1

1
1 21 1 1 1

1 1

1
1 21 1 1 1

1 1

x x u u u un n n n nn n n n n

u x x M r r Mn n n n nn n n na

un n n

u x x M r r Mn n n n nn n n na

un n n

    

    

 

    

 

           

           

   

           

   

 
 
 

 

  (3.13) 

(3.14) 
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This together with the conditions ( ), ( )i ii  and Lemma 2.1, gives   

lim 0.1x xnnn
 

            (3.15) 

 
Step 3. We show that   lim 0.Sx xn nn

 


                                (3.16) 

Since (1 ) ,y Sx xn n n n n     we have     .Sx x y xn n n n n                              (3.17) 

Claim that   lim 0.1x ynnn
 

                              (3.18) 

Since    1 1 .n n n n n n nx y u y u y                     (3.19) 

For ( ) ( ),EP F F Sz   by firmly nonexpansiveness, we have  
 

 

22

,

1 2 2 2
.

2

u z J y J zn r n rn n

u z y zn n

u z y z u yn n n n

  

  

     

   

 
From (3.20), we have                                2 2 2

.u z y z u yn n n n               (3.21) 
 
By definition of   xn  and (3.21), we have 

 

  
   

    

   

2 22
11

2 22
1

2 22
1 1

2 2 22
1 (1 ) 1

2 22
1 1 ,

x z u z u zn n nn

u z y z u yn n n n n

u z y z u yn n n n n n

u z x z Sx z u yn n n n n n n n n

u z x z u yn n n n n n

 

 

  

    

  

     

      

       

          

       

 

 
it follows that    

 

  .

22 22
1 1

2
1 1

u y u z x z x zn n n n n n

u z x z x z x xn n nn n

 



       

       

 

(3.20) 
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By condition ( )i  and (3.15), we have    lim 0.u yn nn
 


                          (3.22) 

By (3.22), condition ( )i  and (3.19), we obtain (3.18). Again by (3.18) and (3.15), we have  

        lim 0.y xn nn
 


                                          (3.23) 

By (3.23), (3.17) and  , ,c dn  we have   lim 0.Sx xn nn
 


 

 
Step 4.  We show that 

lim , 00 0u z x znn
  


           (3.24) 

where 0z F . Indeed, we pick a subsequence  
knx  of  nx  such that  

   lim sup , lim , .0 0 0 0u z x z u z x zn nn k k
    

 
                 (3.25) 

Without loss of generality, we can assume that  
knx  as k  . Since C  is closed and convex, C  is weakly 

closed. So, we obtain .C   

First, we show that ( ).EP F   By (3.23), we have  
kny   as k  . Since as ,

nn r nu J y    
for all ,y C  we have  

  1
, , 0, .F u y y u u y y Cn n n n

rn
       

From (A2), we have 

 1
, , , .y u u y F y u y Cn n n n

rn
      

In particular, we have 

 , , , .
u yn nk ky u F y u y Cn nk krnk


              (3.26) 

By (3.22) and  
kny   as k  , we have 

knu   as k  .  Again by (3.22), (3.26) and  
knu     

as k  , we have 

( , ) 0, .F y y C                 (3.27) 
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From Lemma 2.7 and (3.27), we have ( ).EP F    
By  

knx  as k  , (3.16)  and  Lemma 2.3, we have  ( ).F S  Thus F.   

By (3.25), we obtain 

lim sup , lim ,0 0 0 0

,0 0

0.

u z x z u z x zn nn n k

u z z

    
 

  



 

Step 5.  Finally, we show that 0 nx z  as n  , where 0 .z P u F   
By nonexpansiveness of S  and  ,

nr
J we have 

 

 

 

 

    
   

2 2
( ) 1 ( )1 0 0 0

22
1 2 ,0 0 1 0

2
1 2 ,0 0 1 0

2
1 2 ,0 0 1 0

2
1 ( ) 1 2 ,0 0 0 1 0

2 2
1 1 2 ,0 0 0

J

x z u z u zn n nn

u z u z x zn n n n

y z u z x zn r n n nn

y z u z x zn n n n

x z x z u z x zn n n n n n n

x z x z u z xn n n n n n n

S

S

 

 

 

 

   

   

     

     

     

     

        

        
 
 
 

  .

1 0

2
1 2 ,0 0 1 0

z

x z u z x zn n n n 



     

 

From step 4, condition ( )i  and Lemma 2.1, we can conclude  xn  converges strongly to .0z P u F   

This completes the proof. 
 
Conclusion 

Theorem 3.1 tells us that the sequence  ,xn  generated by the iterative (3.1), converges strongly to  
.z P u F  Moreover, this point is a common solution of fixed point problem of a finite family of nonexpansive 

mappings and the equilibrium problem. Therefore, we can apply theorem 3.1 to solve the problem that accordance 
with the conditions of this theorem. 
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